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Networks: The Effective Resistance

© Γ = (V, E, c) electrical network.
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Lu(x) = 0 if x ∈ V − {a, b}
u(a) = 1

u(b) = 0

=⇒ Rab = I−1(u) = 〈Lu, u〉



The Continuous Case

A plate conductor

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

div(c∇(u)) = 0

u = 1 on A

u = 0 on B

∂u
∂η = 0 on C and D



The Effective Resistance: A Generalization
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⎪⎪⎪⎪⎪⎩

Lu = 0 on F = V − (A ∪ B ∪ H)

u = 1 on A

u = 0 on B

∂u
∂η = 0 on H

=⇒ R
AB

= I−1(u)

∂u

∂η
(x) =

∑
y∼x
y∈F

c(x, y)
(
u(x) − u(y)

)
normal derivative of u.



Boundary Value Problems on Networks

Lu(x) + q(x)u(x) = f(x), x ∈ F

∂u

∂η
(x) + h(x)u(x) = g1(x), x ∈ H1

u(x) = g2(x), x ∈ H2

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

Potential Theory Techniques

© Analitical Techniques

• linear: Potentials

• quadratic: Energy

© Symmetric kernel

• Green kernel



Boundary Value Problems on Networks

Lu(x) + q(x)u(x) = f(x), x ∈ F

∂u

∂η
(x) + h(x)u(x) = g1(x), x ∈ H1

u(x) = g2(x), x ∈ H2
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Potential Theory Techniques

© Analitical Techniques

• linear: Potentials

• quadratic: Energy

© Symmentric Kernel

• Green Kernel



The Laplacian Kernel

© Equilibrium Problem

∃ ! ν ∈ M(F ) such that Lν(x) = 1 on F.

© Linear Programming Problem

min
μ∈M1(F )

max
x∈F

Lμ(x) ⇐⇒

min {a}
μ(x) ≥ 0

∑
μ(x) = 1

L|Fμ(x) ≤ a



Solving a Boundary Value Problem

Let Γ = (V, E, c) and F ⊂ V . We define

Γ̄(F ) = (F̄ , Ē, c̄),

where F̄ = F ∪ δ(F ) and Ē = {(x, y) ∈ E : x ∈ F}

�

�

� � �

� �

�

�

� � �

� �

A

B

H

L̄u(x)=Lu(x) if x ∈ F

L̄u(x)= ∂u
∂η (x) if x ∈ δ(F )

=⇒ L̄u(x)+q̄(x)u(x) = f̄(x), x ∈ F ∪ H

u(x) =g2(x), x ∈ H2



The Effective Resistance
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Lu = 0 on F = V − (A ∪ B ∪ H)

u = 1 on A

u = 0 on B

∂u
∂η = 0 on H

⇓�

�

�

�

L̄u(x) = 0, x ∈ F ∪ H

u(x) =1, x ∈ A

u(x) =0, x ∈ B



Condenser Principle

© The condenser principle is satisfied if for any A, B ⊂ V ,
A ∩ B = ∅, A �= ∅, there exists u ∈ C(V ) verifying:

Lu(x) = 0, 0 ≤ u(x) ≤ 1 if x ∈ F = (A ∪ B)c,

Lu(x) ≥ 0, u(x) = 1 if x ∈ A,

Lu(x) ≤ 0, u(x) = 0 if x ∈ B.

© u is solution iff u is solution of

Lu(x)= 0, x ∈ F = (A ∪ B)c

u(x)=1, x ∈ A

u(x)=0, x ∈ B�
�

�
	

u =
∑
x∈A

ν{x}∪F − νF

ν{x}∪F (x)



Our example
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RAB = 0.81

1

1

0.59 0.36 0.28 0.33

0.58 0.43 0.38

0.53 0.48

0 0 0

�

�

� � �

� �

�

�

� � �

� �

�
�

�A

B

H RAB = 0.78

1

1

0.59 0.36 0.26 0.26

0.59 0.43 0.43

0.59 0.43

0 0 0



The Effective Resistance of a Tree: T k
�
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T 4
3

Lu(x) = 0, x ∈ F ∪ H

u(a) = 1

u(b) = 0

u(x) =
νF∪H∪a(x) − νF∪H(x)

νF∪H(a)



Computing the equilibrium measures νF∪H
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a=y1

�

q(�,2)

q(s,1) q(s,2) q(s,�+2−s)

q(1,1) q(1,2) q(1,�+1)



q(i, j) = k−1
�(k−2)2 (i − 1) − j−1

k−2+

1
�(k−2)2

(
(�− i+1)(k− 1)�+1 − �(k− 1)�+1−(i−1)−(j−1)

)



The Effective Resistance of a Tree: T k
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u(x) = 1 − |y|
�

Cab =
1
�

y2

y3



Some More Edges
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u(x) = 1 − |y|
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Cab =
1
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