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Green’s function and Poisson kernel of networks can be used to study diffusion
problems on graphs, such as hitting time, chip-firing and discrete Markov chains.
The reason is that these problems are written in terms of boundary value problems
with respect to the Laplace operator associated with the network and the Green’s
function or the Poisson kernel are the resolvent kernels. Therefore, Green’s func-
tions and Poisson kernels constitute a powerful tool in dealing with a wide range
of combinatorial problems, see [2, 3].

The authors studied in [2] general boundary value problems on arbitrary sub-
sets of a network and in particular they obtained a relation between the Green’s
function and the Poisson kernel. In general it is not easy to obtain and explicit
expression for that functions. However, when the network presents symmetries
they can be obtained by hand.

Our objective here is to obtain explicit expressions for the Green function and
Poisson kernel for the Sturm-Liouville problem associated with the Schrödinger
operator on the path Pn = {0, . . . , n + 1}. In this case the explicit construction
of such functions is a mechanic process since one has two independent solutions of
the homogeneous problem associated with the differences equation. Specifically,
they are given through Chebyshev Polynomials, since they verified a recurrence
relation of the type Pi+2(x) = 2 xPi+1(x)− Pi(x), i ∈ Z.

For instance, if we consider the Neumann regular problem, that is,

2(1+q)z(i)−z(i+1)−z(i) = f(i) , i = 1, . . . , n, z(0)−z(1) = z(n+1)−z(n) = 0,

where q > 0, then the Green function is given by

Gq(k, s) =
1

2q Un−1 (1 + q)





Vk−1 (1 + q) Vn−s (1 + q) , 0 ≤ k ≤ s ≤ n,

Vs−1 (1 + q)Vn−k (1 + q) , 1 ≤ s ≤ k ≤ n + 1,

where Uk and Vk denote the Second and Third kind Chebyshev polynomials, re-
spectively, [1].
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