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Kirchhoff Index in Chemistry

~~ The Kirchhoff Index was introduced in Chemistry
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Kirchhoff Index in Chemistry

~~ The Kirchhoff Index was introduced in Chemistry
~ Kirchhoff Index of a molecule:
- 2
Z atomic displacements
from equilibrium positions
atoms

small Kirchhoff Index = the atoms are very rigid in the molecule
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Kirchhoff Index in Mathematics

~~ In the mathematic field, it is interesting to find possible relations
between the Kirchhoff Indexes of composite networks and those of their

factors
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Our objective

~~ We have worked with a generalization of the classical Kirchhoff Index
k
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Our objective

~~ We have worked with a generalization of the classical Kirchhoff Index
k

k(w)
~~ We have worked with on a particular family of composite networks: a
generalized notion of cluster networks

different!
@ -

~~> Qur objective is to determine the Kirchhoff Index of generalized
cluster networks in terms of the ones of their factors.
(
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Notations and basic results

s« I'=(V, E,c) finite connected network
« V=A{x1,...,zn}

« {x;,x;} € E has conductance ¢j > 0
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Notations and basic results
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« {x;,x;} € E has conductance ¢j > 0
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* welR"  w; >0, wazl weight on V/
i=1
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Notations and basic results

s« I'=(V, E,c) finite connected network
« V=A{x1,...,zn}

« {x;,x;} € E has conductance ¢j > 0

n
* welR"  w; >0, Zwiz:l weight on V/
i=1

standard inner product on R”

n
where  (u,v) = > uyv; for u,veR”
i=1
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Notations and basic results

s« I'=(V, E,c) finite connected network
« V= {$1,...,.’En}
« {xj,x;} € E has conductance ¢ > 0

n
* welR"  w; >0, ngzl weight on V'
i=1

% (-,-)  standard inner product on R"

n
where  (u,v) = > uyv; for u,veR"
i=1

% L=(Ly)ll=; combinatorial Laplacian

where  Lj= > ck and Lj= —cjfori#]
k=1
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Schrodinger matrix

% Lg=L+Q

Schrodinger matrix with potential q
* q € R" potential on I’

* Q = diag(qy, -

,qn) diagonal matrix given by the values of g on V'
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Schrodinger matrix

#* Lg=L+Q

Schrodinger matrix with potential q
« q € R™ potential on T’

* Q = diag(qy, -

,qn) diagonal matrix given by the values of g on V'
Y Remark

But we want Ly to be positive semi-definite!
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Schrodinger matrix

% Lg=L+Q Schrodinger matrix with potential q

* g € R potential on T"
* Q = diag(qs, . ..,qn) diagonal matrix given by the values of q on V'

But we want Lq to be positive semi-definite!

U Remark J

~> We take q=4q, € R® potential determined by w, where

()i = —(w)i ! (L-w);
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Schrodinger matrix

% Lg=L+Q Schrodinger matrix with potential q

* g € R potential on T"
* Q = diag(qs, . ..,qn) diagonal matrix given by the values of q on V'

But we want Lq to be positive semi-definite!

U Remark J

~> We take q=4q, € R® potential determined by w, where
(Qu)i = —(w); ' (L-w),

Results

v Lgq, Is positive semi-definite and singular
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Schrodinger matrix

% Lg=L+Q Schrodinger matrix with potential q
* g € R potential on T"
* Q = diag(qs, . ..,qn) diagonal matrix given by the values of q on V'

U Remark

But we want Lq to be positive semi-definite! J

~> We take q=4q, € R® potential determined by w, where
(Qu)i = —(w); ' (L-w),

Results

v Lgq, Is positive semi-definite and singular

v Lg,-v=0 iff v=awwithaeR
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Green matrix
% Ly, u=g

Poisson equation
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Green matrix

% Lq, u=g Poisson equation

Lt
% LE,  Green matrix feR™ — the unique u € R” such that

# Lg, u=f—(fw) w

* (u,w) =0

U Remark

The Green matrix LTw is the Moore-Penrose inverse of the Schrodinger
matrix L, .
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Green matrix

% Lq, u=g Poisson equation

Lt
s LI Green matrix feR™ —%5 the unique u € R" such that

w

# Lg, u=f—(fw) w

* (u,w) =0

U Remark

The Green matrix Law is the Moore-Penrose inverse of the Schrodinger
matrix L, .

Result
voUw=0
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Effective resistances and Kirchhoff Index
% Ry,

effective resistance between a pair of vertices

T o u;j Uj
Rl ay) =T L -u= 8
Wi

S

€i
where Lg, - u

Wi
Wi

wij
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Effective resistances and Kirchhoff Index

% R, effective resistance between a pair of vertices

u;j uj
Ry (xi, x; =ul Ly cu=— -3
( ’ .7) JQuw W; w]
€ e;
where Lq, -u=— — -+
Wi Wy
% r, total resistance on a vertex
\ 1
Tw(®i) =V - Lg, v=—— —(v,w)
€%
e
where Lq, v=— —w
Wi
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Effective resistances and Kirchhoff Index

% R, effective resistance between a pair of vertices

u;j uj
Ry (xi, x; =ul Ly cu=— -3
( ’ .7) JQuw W; w]
€ e
where Lq, -u=— — -+
Wi Wy
% r, total resistance on a vertex
\ 1
ro(z))=v Ly, -v=— — —(v,w
(@) =T Lo v= 2 =~ vw)
e
where Lq, v=— —w
Wi

% k(w)  Kirchhoff index of I' respect to w

1 ¢ 2 2
k(w) = B .Zl Ry (i, zj)w;w;
1,]=
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Effective resistances and Kirchhoff Index
Results

v ry,>0
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Effective resistances and Kirchhoff Index
Results

v ry,>0

v R, is a distance on T’
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Effective resistances and Kirchhoff Index

Results
v ry,>0
v R, is a distance on T’

~~ We can express them by means of the Green matrix entries
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Effective resistances and Kirchhoff Index

Results
v ry,>0
v R, is a distance on T’

~~ We can express them by means of the Green matrix entries

(LL)i

w?

Vo ory(xs) =
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Effective resistances and Kirchhoff Index

Results
v o r, >0
R, is a distance on T’

T .
Tw($i) = (qu)”
' 2(LL,)i

v
~~ We can express them by means of the Green matrix entries
v
w?
0 IRl A = Tl A el 4 ===
wiwj
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Effective resistances and Kirchhoff Index

Results
v ry,>0
v R, is a distance on T’
~~ We can express them by means of the Green matrix entries
v
I
v

T'w(fﬁi) _ (L:rh)ii
2(LL,)i

w2
Ro(zi, z5) = ro(z;) + ro(z;) + T

¢

That allows us to express the Kirchhoff index in terms of the Green
matrix!
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Effective resistances and Kirchhoff Index

Results
v ry,>0
v R, is a distance on T’
~~ We can express them by means of the Green matrix entries
v
I
v

T'w(fﬁi) _ (L:rh)ii
2(LL,)i

w2
Ro(zi, z5) = ro(z;) + ro(z;) + T

¢

That allows us to express the Kirchhoff index in terms of the Green
matrix!

k) =2 ()i = L)
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Cluster networks

% Tg

(UPC)
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Cluster networks

% o base network with Vo = {z1,..., 2}
* Fl, .. ,Fm

satellite networks, with z; € V;
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Cluster networks To

% Iy base network, — with Vj = {x1,...,2mn} K

I

x I'1,..., Iy, satellite networks, with z; € V;

% I'=(V,E,¢c) =To{l'1,..., Iy}  Cluster network

e
AN
A

m To{T1,T2, T3, T4}
« V=UWV

=1

m
* =UE;

*

=0
c given by the original conductances / \
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Cluster networks
¥ w

weight on I’
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Cluster networks
% w  weighton T’

0

coefficients such that

w(i) weight on T';

w(7) !

jg=0; Wy
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Cluster networks

% w  weighton T’

o;  coefficients such that  w(i) weight on I';
w(i); = ai_le

% L combinatorial laplacian of I, L' combinatorial laplacian of T;
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Cluster networks

% w  weighton T’

o;  coefficients such that  w(i) weight on I';
w(i); = o; tw;

% L combinatorial laplacian of T,

* Qu

L' combinatorial laplacian of T;
potential on T,

()i = _Wi_1 (L- w)i
(qcu(i))J =

du() Potential on I,

—w(i; (U ~w(i)),
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Cluster networks
% w  weighton T’
o;  coefficients such that  w(i) weight on I';
w(i); = o*i_le
% L combinatorial laplacian of I, L' combinatorial laplacian of T;

% q, potentialon T, (qu)i=—w ' (L w),
du(y Potential on Ty, (qu(i)); = —w(i)j_l (Li -w(i))j

Results
v L-u:Li-u-i-(LO-u)i-ei onIl'; forall ueR" i=1,...,m
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Cluster networks
% w  weighton T’

o;  coefficients such that  w(i) weight on I';

w(i); = o*i_le

% L combinatorial laplacian of I, L' combinatorial laplacian of T;

% q, potentialon T, (qu)i=—w ' (L w),
Aw(i) potential on T';, (qw(i))j — —w(i)j_l (Li -w(i))j

Results
v L-u:Li-u-i-(LO-u)i-ei onIl'; forall ueR" i=1,...,m
v (Qw)j = (Aw(i))i + (Aw(o))i & on T
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Cluster networks
% w  weighton T’

o;  coefficients such that  w(i) weight on I';

w(i); = o*i_le

% L combinatorial laplacian of I, L' combinatorial laplacian of T;

% q, potentialon T, (qu)i=—w ' (L w),
du(y Potential on Ty, (qu(i)); = —w(i)j_l (Li -w(i))j

Results
v L-u:Li-u-i-(LO-u)i-e; onIl'; forall ueR" i=1,...,m
v (Qw)j = (Aw(i))i + (Aw(o))i & on T

v Therefore, Lg, - u = ng(i) -u+ (Loqw(i) u)Z -e; onl
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Cluster’s Green matrix and Kirchhoff Index
Result

Given f € R" with (w,f) =0
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Cluster’s Green matrix and Kirchhoff Index
Result

Given f € R" with (w,f) =0,
equation)

consider Lq,-u= f onT (Poisson
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Cluster’s Green matrix and Kirchhoff Index

Result
Given f € R" with (w,f) =0, consider Lq,-u=f onT (Poisson
equation)
Then,
u= ((La )= Al i)

[I
o

o

+ 2B (L) ). = AL ) = ) o — (i)

1

is the unique solution with (w,f) = 0.

U Remark

We now know how to solve Poisson equations on a cluster network only by
knowing the Green matrices of the factors

v
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Cluster’s Green matrix and Kirchhoff Index

~~ Green matrix of the cluster network in terms of the ones of the factors

Result

<L3;“’>k| - <LJ;1W(J)> +D'J<Lq ()) +DJ|<L (J)>T ij(Lqu(J))T
—F; <L:,w<)>ﬁ + gieo(i) - wG)T

is the Green matrix on V; x V
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Cluster’s Green matrix and Kirchhoff Index

~~ Green matrix of the cluster network in terms of the ones of the factors

Result

(ng)kl _ (L{w) +D.J(Lq ()) +DJ|(LJq())T Fi(Li )
—F; <ng()>ﬁ+gj.w<> wl)T

is the Green matrix on V; x V

~~ Kirchhoff Index of the cluster network in terms of the factors

Result

m m m
k(w)ZZk, i ZZ 2RW(O Xiy Xj +Z ]-_U w() )
i=1 j= i=1

i=1
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Cluster’s effective resistances
Result

Rwi ) .

o
Rwi T, T4 Rw Liy Ty Rw' Ly, . o 2
Ry(a,y) = =5 L “”;S D (])U(zjy) ife€Viy€Vy,ij
2 J
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Applications

~~ Restricting this cluster network to a classical cluster graph, with same
distinguished vertex on every satellite
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Applications

~~ Restricting this cluster network to a classical cluster graph, with same
distinguished vertex on every satellite

we get the formula obtained by Li, Yang and Zhang
for the classical cluster Kirchhoff Index (weight-adapted)

m

-1
n Z Rw(l)(xv Xl)'

xEV7

k(w) = ki(w(1)) + nko(w(0)) +
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