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Abstract

We aim here at characterizing when the Moore—Penrose inverse of a singular and symmetric
Jacobi M-matrix is also an M-matrix. This characterization involves a highly non-linear
system of inequalities on the off-diagonal entries of the matrix. We obtain all the solutions of
this system for n < 3 but when n > 4, the system becomes much more complicated. Our main
result establishes that for any n, there exist singular, symmetric and tridiagonal M—matrices of
order n whose Moore—Penrose inverse is also an M-matrix.
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1 Statement of the Problem

The matrices that can be expressed as M = kl — A, where k£ > 0 and A > 0, appear in relation with
systems of equations or eigenvalue problems in a broad variety of areas including finite difference
methods for solving partial differential equations, input—output production and growth models in
economics or Markov processes in probability and statistics.

In the graph theory framework the most studied cases are the combinatorial Laplacian of a k—
regular graph, where A is its adjacency matrix and the probabilistic Laplacian, where £ = 1 and A is
the transition matrix for a Markov chain whose states are the vertices of the graph. If k is at least the
spectral radio of A, then M is called an M —matriz. This type of matrices arise naturally in some
discretizations of differential operators, particularly those with a minimum/maximum principle,
such as the Laplacian, and as such are well-studied in scientific computing. In fact, M—matrices



satisfy monotonicity properties that are the discrete counterpart of the minimum principle, and
this makes them suitable for the resolution of large sparse systems of linear equations by iterative
methods.

A well-known property of an irreducible non-singular M—matrix is that its inverse is non—
negative, [3]. However, when the matrix is an irreducible and singular M—matrix this property does
not hold for any generalized inverse. For instance, the Moore—Penrose inverse of the combinatorial
Laplacian of a path of length > 4 has non—negative off diagonal entries.

A (finite) Jacobi matrix is a tridiagonal matrix. This type of matrices usually appears in
relation with second order linear difference equations and with orthogonal polynomials on the line.

Given ¢q,...,¢,—1 > 0 and dy,...,d, > 0 such that the tridiagonal matrix
d -
—C1 d2 —C9
M = (1)
—Cp—2  dp—1 —Cn—1
—Cn—1 dn

is a singular M-matrix, we aim here at determining when its Moore-Penrose inverse M is also an
M—matrix. This problem has been widely studied for several families of this type of matrices, see
for instance [2, 5, 6, 7]. Although this problem lies in the framework of linear algebra, we have
tackled it by applying methods from the operator theory on finite networks, see [2]. To do this we
take into account that the off-diagonal entries of M can be identified with the conductance function
of a weighted n—path. Specifically, if V,, = {x1,...,z,}, then we can consider the weighted path
I' = (V,, ¢) where the conductance between vertices z; and z;11 is defined by c(x;, z11) = ¢;.

Each real function on V,, can be identified with a (column) vector of R™ and hence each
endomorphism of the space of real functions on V,, can be identified with a matrix of order n and
conversely. In particular, the matrix obtained by choosing d; = ¢1, d,, = ¢,—1 and d; = ¢;—1 + ¢
for ¢ = 2,...,n —1 is nothing but the combinatorial Laplacian of the network I". Therefore, M can
be considered as a perturbed Laplacian of T' in the sense of [1] and then we ask which perturbed
Laplacians of I' are singular and positive semi—definite and their Moore—Penrose inverse also is.

From the operator theory point of view, the perturbed Laplacians are identified with the
so—called discrete Schrédinger operators of T', see for instance [4] and references therein for several
physical interpretations. In addition, this terminology suggests some sort of relationship with the
differential operators with the same name. In fact, many of the techniques and results in this
framework appear as the discrete counterpart of the standard treatment of the resolvent of elliptic
operators on Riemannian manifolds, see [2].

In this paper we characterize when the Moore—Penrose inverse of a singular, symmetric and
tridiagonal M -matrix is also an M-matrix. This characterization involves a highly non-linear
system of inequalities on the off-diagonal entries of the matrix. We obtain all the solutions of this
system for n < 3. For n > 4, the system becomes much more complicated and the key idea to
solve it is to apply well-known properties of general M—matrices to the coefficient matrix of the
system. Our main result establishes that for any n, there exist singular, symmetric and tridiagonal
M-matrices of order n whose Moore—Penrose inverse is also an M-matrix.



2 The M—-inverse problem

It was proved in [2] that the matrix given in (1) is a singular M-matrix iff there exists wq, ..., w, >0
such that w? + ... + w2 =1 and

clws Cn—1Wn—1 1
di = , dy = —— and dj = —(cjwj+1 + Cj_le_l) (2)
w1 Wn w]'

forany j = 2,...,n—1. Moreover, the weight is uniquely determined by (d1,...,d,) and (c1, ..., cp—1).
In the sequel, any ¢ = (c1,...,cp—1) € (0,400)" ! and any w = (w1, ...,wy) € (0,4+00)" such
that w?+...+w? = 1 are called conductance and weight, respectively. The set of weights is denoted
by Q(V},). Moreover, the matrix given in (1), where c is a conductance, w € Q(V},) and the diagonal
entries are given by (2), is denoted by M(c,w) and hence its Moore—Penrose inverse is denoted by
MT(c,w). Given a conductance c, the set of weights such that Mf(c,w) is an M-matrix is denoted
by ©(c), whereas given a weight w, the set of conductances such that M(c,w) is an M-matrix is
denoted by C(w). Therefore, w € Q(c) iff c € C(w). We drop w in all the expressions when w is

Nk

J J
Throughout the paper, we use the conventions )~ a; = 0 and H a; = 1 when j < 4. In addition
=i
we denote by e; the j-th vector in the standard basis of R™ and by e the vector e =e; + -+ +ey,.

constant; that is when w; = forany j=1,...,n

Proposition 2.1 ([2, Corollary 5.2]) The Moore—Penrose inverse of M(c,w) is MT(c,w) = (gi;),

where
k 9 2 n 9 2 n 9
= <sz> n_l(l§1wl) jfl(l%lwl)
=1 =k+ —k+
9ii = 915 = Wiy | 3 2 -2
k k=1 k=1

—; CkWkWk+t1 CrWrWr+1 CrWrpWr+1

foranyl1<i<j<mn.

The Moore—Penrose inverse for the normalized Laplacian; that is, when w is the square root of the
generalized degree, was obtained in [8, Theorem 9].

If we take into account that the Moore—Penrose inverse of a symmetric and positive semi—
definite matrix is itself symmetric and positive semi—definite, as a by—product of the expression of
MT(c,w) we can easily characterize when it is an M-matrix.

Theorem 2.2 MT(c,w) is an M -matriz iff giir1 <0 for anyi=1,...,n — 1, that is; iff

(l=%1w12>(zl:w12> Zl <sz> "Z:l <l§;1%2)2

C;W; W, Z
atiadan k=1 k=it+1

)
CrWEWE+1 CRWEWE+1

The conclusion of the above Theorem for w constant was given in [5, Lemma 3.1].

The following result is a straightforward consequence of the above result.



Corollary 2.3 For n = 2, M(c,w) is always an M-matriz. In fact, for any ¢ > 0 and any
0<z<l,ifw= (CE,\/1—$2), we get

vi—et g ; i—2 [ 1-22 —aV/1—2a2
. N and M'(c,w) = ——
IV

Corollary 2.4 When n =3, Mf(c,w) is an M -matriz iff
e _w(l-ud)

ws(1 —w%) e wg

1
In particular, if w is constant, then MY(c) is an M -matriz iff 3 < a < 2. On the other hand, for
C2
any conductance c, it is satisfied that

t
Q(C):{<w1, 1_(1+t2)W%,tW1)IO<t<C—2, O0<w < L}
C

1 co + 3¢y

C2 C2
A1 — (142wt ):—<t, 0<w < )———".
U{(W1 ( + )wl wi c1 w1 02+t301

Proof. In this case the system of inequalities in Theorem 2.2 becomes

2 2 4 2 2 4
wi(l —wi) S W3 and wi(1 — w3) s Wi
Clwiwy  CoWwaows Cowows clwlwg’

that are equivalent to the claimed inequalities.
On the other hand, given w € Q(V3), if we consider ¢ = ﬂ, necessarily wo = /1 — (1 + t2)w?
w1
1
1412
then <x, 1—(1+t2)a?, t:v) € Q(c) iff (e + t3¢1)x? < min{tey, e} and the result follows. B

/1
and 0 < wy < Moreover, given a conductance ¢ and fixed ¢ > 0 and 0 < x < T2

Corollary 2.5 When the weight is constant, then MT(c) is an M -matriz iff n < 4 and moreover

1
either§§ﬂ§2whenn:3 or ¢ = c3 and cg = 2¢; when n = 4.
C2

Proof. When w is constant, the system of inequalities in Theorem 2.2 is equivalent to

—1) S m-k? 2n-2) _ 1 D (n—k)? 3n—3) _ 1 4 X(n—k)?
(n )Z (n )’ (n )2_ Z(n ) and (n )>_+_+Z(n ),
€1 — Gk €2 A s % e3 a ¢ = G



and hence that

2(n — 3) . =
e 24

2
n—k
c ¢ c c ¢ ¢
! k=2 " 2 k=3 " 3 k=1 F

which implies that

(n —3)(5n — 4 — n?) 22(n—1)nzl(n_k)2.

C3

Therefore, 5n — n? —4 = (n — 1)(4 — n) must be non—negative and this occurs iff n < 4. Moreover,
when n = 4, the system of inequalities in Theorem 2.2 is

3 4 1 4 1 1 3 1 4
—>—+—, —2>—+4+— and —>—+—,
C1 (&) C3 (6] C1 C3 C3 C1 Co
which implies that
1 1 2 1 3 1 4 1 2 3
—>—, —>— and —>—+—2>—+—2>—
C1 C3 C2 C3 C3 1 2 1 C3 C3

and hence ¢y = 2c¢3 and ¢; = c3. Conversely, when w is constant and ¢; = ¢3 and ¢o = 2¢;, then
system of inequalities in Theorem 2.2 is satisfied, and hence Mf(c) is an M-matrix. |

The above result was also obtained in [5] by using a different approach.

3 The general case

The cases w constant and n = 2,3 for arbitrary weights are the only ones that the system of
inequalities in Theorem 2.2 can be solved directly. For n > 4 we will follow a different way that
also works for n = 2, 3. If for a conductance ¢, we define ¢! = (cl_l, e c;il)T, then from Theorem

2.2, Mf(c,w) is an M-matrix iff all the entries of the vector A(w)c™! are non-negative, where

r Wi (l-wy) (1-W>2)? . (1-W3)? . . (1-Wyp-1)? 7
wiw2 w2aw3 Ww3wy Wn—1Wn
_ow? Wo(l-Wo)  (1-W3)? _ (1=Wy1)?
wiwz2 waw3 w3w4 Wn—1Wn
Alw) =
_ow? w3 Winoo(1-Wn_2) _ (1=Wp_1)?
wiwz2 waw3 Wn—2Wn—1 Wn—1Wn
W w3 WR, Wi—1(1=Wn_1)
L wiw2 waw3 Wn—2Wn—1 Wn—1Wn -

J
_ 2
and W; —lilwl.

Observe that A(w) is an irreducible (n — 1)-order Z-matrix. Therefore, by applying |3,
Exercise 6.4.14], if C(w) # 0 for a weight w, then A(w) is an M-matrix. Conversely when A(w) is a
non singular M-matrix then ¢ € C(w) iff c™! = A~!(w)a, where a is non null and all its entries are
non-negative, since from [3, Theorem 6.2.7] all the entries of A~!(w) are positive.



Our next aim is to characterize when A(w) is an M—-matrix for a given weight w € Q(V},). To
do this, given w € Q(V,) we denote by c(w) the conductance generated by w, whose components
are given by
1-W) '+ Wi

s ] yoon
wjwj+1 oz (1= W)

cj(w) =

In addition, for 2 <i < n we define the function D, ;: Q(V,,) — R by

1—2

i3
Dy i(w) = wi 4 Z W; H (1- Wk

7=1 k=j+1

Moreover for any w € Q(V;,), we also consider the values g;(w) = w2, 4+ Dy i1(w) — Dy it2(w), for
any i=1,...,n—2and ¢,—1(w) = w2 + Dy n(w).

Next, we show the main properties of functions D,, ; and values ¢;(w) that we use through the
paper.

Lemma 3.1 Given n > 2 and w € Q(V,,), then the following properties hold:

202 — W2(W2 4 - 4 w2
(i) Dan(w) = w2, Dusy(w) = wd, when n > 3 and Dy 4(w) = 228 =11 E 0+ )

, when

w% —|—w%
n > 4.
. Wi1 , : :
(i1) Dy i(w) = W [Dn,zqu(w) + (1 - Wl)], for any i = 2,...,n — 1. In particular, if
— Wi
Dy, n(w) >0 then Dy j(w) >0 for any 2 <i<n—1.
(i1i) Given 0 < y < wy, and w¥ € Q(V,,41) defined as wjy =wj, j=1,....,n—1, wj = Vw2 — y?
w2 Dy, (W) By

and wz-i-l =y, then Dpi1pny1(w¥) = W2 W2
1 n—1

42 2) n—1
1 — n
X2 +02Jl( 5 wl), > 6i(w) =1 and moreover ¢;(w) > 0 if Dy p(w) = 0.
Wi + Wy =1

(iv) q(w) = wi, a(w) =

Proof. The proofs of the claims in Part (i) are straightforward. Given i =2,...,n—1 we get that

i—2
1-W; 1-W, 1— Wi
Dn,i+1(w) = w? - {Wi} Wi_a + ZW2 H W, u = wz'Q - (1 - Wifl) + {Wil] Dn,i(w)a
ot =1 k=1 R R C— i1

that concludes the first claim of (ii). In addition if D,, ;41(w) > 0, then the above equality implies
that D), ;(w) > 0 and then the last claim can be proved by regressive induction.

On the other hand, Dp41,,(w?) = Dppn(w), since (wi)? + (wi_ ;)? = w? and then applying
equality in part (ii) to w¥, we get that

2

Dni1nr1(w?) + (whyq)



and the claim in part (iii) follows.
The two first claims in Part (iv) are straightforward. Moreover,

n—1

ZQi(W):w121+Dnn +sz+1+2[ nz+1 nl+2 ] ZW +Dn2 Z 2:1,

i=1

where we have taken into account that D,, »(w) = wi.
Finally, when D, ,(w) > 0, then ¢,—1(w) =

e, — 2 We get that ¢;(w) = wi2+1 + Dy it1(w

i—1 %

S T 051

Jj=1 k=j+1

+ Dy n(w) > 0, and moreover for any i =

2
n
— Dy it2(w) > 0, since wl-zﬂ — Dy jiva(w) =

w
w)
> 0 and D, i+1(w) > 0, from the last claim of Part (ii). 1

Theorem 3.2 For anyn > 2 and any weight w € Q(V,,), A(w)c™H(w) = Dy n(w)e and rank A(w) >
n — 2. Therefore, A(w) is an M -matriz iff Dy, n(w) > 0 and it is singular when the equality holds.

Proof. To prove the first claims we apply the Gauss Method to matrix A(w). The first step consists
in substracting the (i + 1)-row to the i—row, for any i = 1,...,n — 2. Secondly, we add to the last
row the i—row multiplied by W;, for any ¢ = 1,...,n — 2 and the third step consists in dividing
each row, except the last one, by its diagonal entry. The last step is to add to the last row the

i—row multiplied by [wgﬂ — Dn,i+2(w)], for any i = 1,...,n — 2 and then applied Part (ii)

Wili+1
of Lemma 3.1. So, if we consider the matrix
R
S
Qw) = ,
i a1(w)  g2(w) qn—2(w) qn-1(w)
then Q(w)A(w) = B(w) where
i (1-W2) 7
1 w1w3W1 z 0 0 0
wa(1-W3)
0 1 _W 0 c 0
wg(l—W4)
Bw) = 0 0 1 — s 0
wn—2(1=Wpn_1)
0 0 o 0 1 o jan—Q :
| 0 0 0 0 w“:fl Dy (w)

Moreover, Q(w)e = e,—1 and

1

n—2 n—2 n—2 _
det Q(w <qu )qwk%+1:wzll<ﬂwg)(gwk> > 0.




wp Dy n(w)

Therefore, rank A(w) = rank B(w) > n — 2 and det A(w) = TQ()’
wp—1det Q(w

which implies that A(w)
is singular iff D,, ,(w) = 0. In addition,

A(w)c_l(w) = Q_l(w)B(w)c_l(w) = Dn,n(w)Q_l(w)en,l = Dpp(w)e

and hence, A(w) is an M-matrix when D,, ,,(w) > 0. Conversely, if D, ,(w) < 0 then A=l (w)e =

D;, 5 (w)c ™ (w) and hence, A™! is not an M-matrix. 1

Motivated for the above Theorem, we split ©(V},), the set of weights on V,,, into the subsets

Q_(Vn) ={w e Q(V,)) : Dppn(w) <0},

Qo(Vy) = {w € Q(Vy) : Dyp(w) = 0},

Q1 (V) = {w € Q(Vp) : Dy p(w) > 0}.
Therefore, C(w) = 0 iff w € Q_(V,), A(w) is a singular M-matrix iff w € Q¢(V;,) and A(w) is an
invertible M—matrix iff w € Q1 (V},). Moreover, from Lemma 3.1 (i), Q(V,,) = Q4 (V,,) for n = 2,3,

whereas for n = 4 we get that Q(V,,) = {w € Q(V,,) : wiws = waws} and Q4 (V) = {w € Q(V,,) :
wiwg < wows}. On the other hand, for any n > 4 we get that

D"’”(%‘*) :% 1—(n—1 nzi (“f1>

4—n
n—2
Therefore, for any n > 5, Q_(V},) contains the constant weight which explains why C = () when
n > 5, as was proved in Corollary 2.5.

and hence when w is constant, A is an M-matrix iff n < 4, since 1 —(n—1)(n—3) (Z:é)il =

So, to prove that for any n > 4 there exist a conductance ¢ and a weight w such that Mf(c,w)
is an M-matrix it suffices to prove that one of the sets Qg(V},) or Q(V,) is not empty. More
explicity, we have the following result.

Proposition 3.3 For any n > 4, the sets Qo(V,,) and Q(Vy,) are non empty. Moreover, when
w € Qo(Vy) then C(w) = {tc(w) : t > 0}, whereas when w € Q4 (V;,) then {tc(w):t >0} C C(w)

Proof. We proceed by induction on n > 4.

The claims are true when n = 4, since in this case we know that D474(w) =0 iff wiws = wows
and that Dy 4(w) > 0 iff wjwy < wows.

Suppose now that the result is true for n > 4 and let w € Q(V,,) satisfying that D,, ,(w) > 0.

D, n(w)
w,

n—1

If we take 0 < y < wy, , then y < wy, since for n > 4, D, ,(w) < %21—1 < W,—1. Therefore,

if we consider w¥ € Q(V;,41), then Lemma 3.1 (iii) assures that

wp Dnn (@)

— 2 >0
anl V=

Dn+1,n+1(w) =



Dy (w)
anl ‘

On the other hand, Theorem 3.2 assures that {tc(w) : ¢ > 0} C C(w) when either w € Qo(V;,)
or w € Q4(V,,). Moreover, if w € Qy(V},), then Theorem 3.2 also implies that A(w) is a singular
M-matrix whose rank equals n —2 and hence [3, Theorem 6.4.16] concludes that ¢ € C(w) iff
c ! € ker A(w) and the result follows. 1

and the equality holds iff we choose y = wy,

We conclude this section describing completely the set C(w) for any w € Q4 (V;,).

Proposition 3.4 Given w € Q4 (V,,), we get that

n— —1
Clw) = [(Zx ‘g5 (w > w) + Dy p(w lec< w) —bj_1(w ))] cxd et al >0,

where bo(w) = bp,—1(w) =0 and for any j =1,...,n — 2, the components of bj(w) are given by

J
1—W,
bjm(w):LV‘;m“ I1 d-m) 7 D 1<m<i bpm=0, j4l<m<n—1.
m I=m+1

Proof. From Theorem 3.2 we know that A(w) is a non-singular M-matrix and that A~}(w) =
B~!(w)Q(w) where

2 3 —2
1 w1(1-Wa) H wi(1I-Wyp1) H w(-Wiy) Wn—1 nH wi(1-=Wiy1)
w3Wh wi42 W) w2 W) wnDn,n(w) =1 wi42 W)
3 n—2
0 1 w2 (1-W3) 11 w(-Wiy) Wn—1 11 wi(1-Wiyq)
wqWo P wi+2 W wnDnn(w) oo wi+2W;
n—2
1 w3 (1-Wy) L Wn—1 wi(1-=Wiy1)
B (w) = 0 0 1 ws W3 UJnDn,n(w) ll;[3 wl+2Wl
e Wn—1 Wn—2(1*Wn—1)
O 0 0 1 WnDn,n(W) wnWn_2
Wn—1
I 0 0 0 e 0 oiDrn(@) |

Therefore, bj(w) = Wij+1

that

B Hw)ej,i=1,...,n—2, B Y(w)e,—1 = D, L (w)c™(w) which implies

] n,n
J

AN w)ej = ¢j(w) Dy (w)e™ (W) + bj(w) —bj_1(w), j=1,...,n— 1,
and the result follows. 1
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