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Statement of the problem

Given ¢q,...,¢,_1 >0, dq,...,d, > 0 and the matrix

d1 —C1
—c1 dy  —c
J=
—Cp—2 dn—2 —Cp_1
L —Cp—1 dn
» For which values dy,...,d, is J a singular M—matrix?

» When JT is also an M—matrix?
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Jacobi matrices
L Introduction

L Notations

Schrodinger operators on weighted paths

» Consider the Path, P,

T c T2

> &) —2  Cp_o  Tn-1 ¢, 1 Tn
e @ ®------ @ @ L

The combinatorial Laplacian:

L(u)(z1) = c1(u(z1) — u(z2))

L(u)(z;) = cim1 (u(@i) — u(@iz1)) + ci(u(@i) — u(@iz1))
L(u)(zy) = cn_l(u(mn) - u(xn_l))
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L Notations

Schrodinger operators on weighted paths

» Consider the Path, P,

Ty C

The combinatorial Laplacian:

C1 —C1
—Cc1 C1+c2  —c2

—Cpn—2 Cp—2+Ch-1 —Cp-1
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Jacobi matrices
L Introduction

L Notations

Schrodinger operators on weighted paths

» Consider the Path, P,

€1 C1 T2 Co &3 Tp—2 Cp—9 Tp—1 Cp—1 Ty

Schrédinger operator with potential q: Lq(u) = L(u) + qu

di —ca
—c1  do )

—Cn—2 dn—l —Cn—1
—Cp—1 dy,

where d; = q; + ¢; + ¢;_1
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When a Jacobi matrix is an M—matrix?

Given ¢1,...,¢, > 0 and dy, ..., d, > 0 the matrix
[ d1 —C1 i
—C1 (12 —C2
J= .
—Cp—2 dp—2 —Cp-1
> L —Cp—1 dp

is a singular M-matrix iff

C1w2 1 Cpn—1Wn—1
d| = dj = —(cjwjt1 + ¢j—1wj—1), dy=——

p Uy JXi+1 j—1%j—-1), Gn

w1 Wy Wn,

where w is a weigth: w; >0 and w? + ... + w2 =1
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verse of Jacobi M-matrices

The Moore—Penrose inverse

>

Ity =4, Jtygt = Jt and JJT = JtJ

I = (9i5)
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i M—matrices

The Moore—Penrose inverse

k 2 n
i_l(Zw?) n—1< Z
=1

9ji = Gij = WiWj Z

————F E
CrWrWk+1

k=1
k n
> 2 2
1 (Lef)( X o)
. Z =il l=k+1
CrWLW
— EWEWE41

I=k+1
CrWirW
ey CRWkWRt1
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The Moore—Penrose inverse

k 2 n 9 2
i—1 (Zw?) n—1<l§1°ﬁ>
=1 =k+
Gji = Gij = WiWj E +§

CrWEWE+1 CrWrWk+1

k=1 k:j
> n 2
J_l(Zwl)( > wp)
l=k+1
- )
CrWEW
o kWkWEk+1

1<i<j<n

| 9 <giit1,. J=1+2,...,n
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When the M—P inverse is an M—matrix?
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When the M—P inverse is an M—matrix?

| giiv1 <Oforanyi=1,...,n—1

(i“’?)( i WZQ) i—1 (Zk:w?f n—1 ( i Wz2>2

=1 l=1+1 I=k+1
» > _ + E _
C;W;W. CrLWrWw CLWipWw
tWiWi41 1 kWEWE+1 k—it+1 kWEWE+1
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When the M—P inverse is an M—matrix?

| giiv1 <Oforanyi=1,...,n—1

(i“’?)( i WZQ) i—1 (Zk:w?f n—1 ( i Wz2>2

=1 l=1+1 I=k+1
» > _ + E _
C;W;W. CrLWrWw CLWipWw
tWiWi41 1 kWEWE+1 k—it+1 kWEWE+1

» When w is constant:
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When the M—P inverse is an M—matrix?

| giiv1 <Oforanyi=1,...,n—1
(] 9 n ) 2
(lz1wl><lz1wl) = (sz) =5 <l§1wl>
> — — >y L Ly ek T
CiWiWi+1 g1 CRWEWE+1 T CRWEWEL
» When w is constant:
. i—1 ;9 n—1 2
1(n—1 k n—Fk
(=) K, (k)
. =1 % ko1
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nverse of Jacobi M-matrices

When the M—P inverse is an M—matrix?

| giiv1 <Oforanyi=1,...,n—1

(EN(54) o) o ()

I=k+1
> — + g S
CiWiWi+1 g1 CRWEWE+1 T CRWEWEL

» When w is constant: necessarily n <4 and

g <2whenn=3o0rc; =c3, cog =2c1 whenn =4
C2

DN | =

[CKN, 95]
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Low dimensions: n = 2 e— "o

2, .2
wWiW

CW1W9
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Jacobi matrices

LJacobi M-matrices

L Moore-Penrose inverse of Jacobi M—matrices

. . €y . €2
Low dimensions: n = 2 e o
2 2
wHw
> 12 2 0
CW1W9
O<z<l, ifw= (x,vl—aﬂ), we get
cV/1—x2 —c
J=| )
> ¢ a2
/ 2
2
C _ X
t 1—a2
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LJacobi M—-matrices

L Moore-Penrose inverse of Jacobi M—matrices

. . Ty c L2 (&) T3
Low dimensions: n = 3 °® °® !
b | ReBd) o el prded o of
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L Jacobi M-matri

. . Ty c L2 C T3
Low dimensions: n =3 e e e
| edned) o ot eirader o ut
Clwiw2  — Cawaw3’ Cowaw3 T Clwiw?2
.2
» | JTis an M-matrix iff —“1 < a < @1ll-wi)
w3(1-w3) c2 wiy
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Jacobi matrices

. . Ty c L2 (&) T3
Low dimensions: n = 3 °® °® !
p | wiired) o wi  (@itwded o
Clwiw2  — Cawaw3’ Cowaw3 T Clwiw?2

» | JTis an M—matrix iff
w3

wi
(1-w3) — c2

» Given c1, ¢ > 0, Jt is an M-matrix for

c1 co + 3¢y

t
{(wl,\/l—(l—i—ﬂ)w%,twl):0<t<62, 0<w < “a }

1
1=+ 2)02, ¢ ):cﬁ<t7 0<w < 4/——
U (wl (L4 8wt ) 25 < TS VTre
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L Moore-Penrose inverse of Jacobi M—matrices

Ty c €2

An example: o—" o

» Taking the valuest =1, 0 < x <

cV/1—222
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LJacobi M-matrices

L Moore-Penrose inverse of Jacobi M—matrices

T . x: . x
An example: — " e " o
1
» Taking the valuest =1, 0 < x < %
cV 1;2.'1;2 —c 0
J= —c 2xc —c
- V1-222
cV/1-222
0 e o/
z(1-22%422%)  2?(1-227) _ 223(1-2?)
cV1-2z2 c cV1-2z2
J= a?(1-22%) 2231242 22(1-222)
o o c c o c
_ 223(1—a?) _ 2?(1-22%)  z(1-22%+2z%)
cvV1—222 c cv/1—222

DMT Coimbra, 2011



Jacobi matrices

L The inverse M—problem

point of view

20,2021 2 2. .2\2 4
w? (wi+wi+w}) (wi+wy) + wj
clwiw — C2waws3 C3w3w4

200 2N (o2 2 4 4

> (wi+w3) (w3 +wy) S Y Wy
C2WaW2 — Clwiw2 C3W3w4
2.2 .2Y,,2 4 2., .2\2
(wiws+ws)wy wi (wi4w3)
Cc3w3wy — cawiw? Cowaws3
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L The invi M—problem

LAnother point of view

i) o T2 2 Z3 3 14
n = 4: ® @ o @
20,2021 2 2. .2\2 4
w? (wi+wi+w}) (wi+wy) + wj
clwiw — C2waws3 C3w3w4
200 2N (o2 2 4 4
> (witws)(witwy wi Wy
C2WaW2 — Clwiw2 C3W3w4
2.2 .2Y,,2 4 2., .2\2
(wiws+ws)wy wi (wi4w3)
Cc3w3wy — clwiws2 Cowaws
YO TORIN 2PN 4
wi (Wi tw3+wg) _(W3+w4) _ W 1
wiwz waws w3wa a1
4 202N (21,2 4
> Wy (witws) (w3 twf) Wy L1 >0
wiwg wow?2 w3wyq Cc2 -
4 2. 2)2 2,2, 2\ 2
_ 2 _ (witw3) (witwitw3)ws &
wiw2 waw3 wW3aw4q
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Jacobi matrices

LThe inv.

—problem

LAnother point of view

Z1 1 L2 2 Z3 c3 T4
n=4: ® o e e
20,2021 2 2. .2\2 4
w? (wi+wi+w}) (wi+wy) + wj
clwiw — C2waws3 C3w3w4
200 2N (o2 2 4 4
> (wi+ws) (w3 +wy wi Wy
Cowawa — crwiwsz C3w3w4
2.2 .2Y,,2 4 2., .2\2
(wiws+ws)wy wi (wi4w3)
Cc3w3wy — cawiw? Cowaws3
4
wiwitwitwd)  _ (witwi)? _ % 1
wiwa waw3 w3wa a1
4 202N (21,2 4
> Wy (witws) (w3 twf) Wy 1] > 0
wiwg wow?2 w3wyq Cc2 -
_ o _witwd)?  (witwitwdwi || o
wiw2 waw3 w3w4 N
1
Aw)
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Jacobi matrices

L The invers M—problem

LAnother point of view

n = 4:
* A(w)c
> det A(w) =

= a, where a > 0

Wiwg 9 9 2 2
2 2(“2 3 — wiwi)
Wols
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L The invers M —problem

LAnother point of view

* A(w)c! = a, where a >0

w3("-’%+w§) wi(l—wi)—&-wg wa (W3+"J4)
w1 wiws wiws
—1 _ waws3 2 2 2 2
> A (CU) = W wl CUZ + UJ3 W4
wﬂw%—i—w%) w%(l—wf)—&—w% wz(w3+w4)
w2w4q waw4q w4q
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L The invers M—problem

LAnother point of view

n = 4: o~ o " o

* A(w)c! = a, where a >0

wy(witwd) wi(l-wi)tw; wi(witw])

w1 wiws wiws

-1 _ waw3 2 2 2 2

= 53 55 w w w w

> | A7 (w) P P 1 2 T w3 1
wi(w+w?)  WwI(l-w?)tws wa(witw?)

wawa4 waw4q w4

v If wows < wiwy, (%) has no solution
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Jacobi matrices

LThe inverse M—problem

LAn(,xther point of view

n = 4: o~ o " o

* A(w)c! = a, where a >0

wy(witwd) wi(l-wi)tw; wi(witw])
w1 wiws wiws

—1 _ wows3 2 2 2 2
| 2 A (CU) = W (A.)l CUZ + UJ3 W4

wi@ited)  wR(1-wd)twl  wa(witw?)
w2w4q waw4q w4q

v If wows < wiwy, (%) has no solution

v If wows > wiwy, ¢t = A7 (w)a, for any non null a > 0
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Jacobi matrices

M—problem

point of view

* A(w)c! = a, where a >0

w3 (W%"“’J%) WE(l—w2)+w§ Wy (WB +"J4)
w1 wiws wiws

—1 _ wows3 2 2 2 2
| 2 A (CU) = W (A.)l CUZ + UJ3 W4

w1 (w%—i—wg) w%(l—wf)—&—w% wz(w3+w4)
w2w4q waw4q w4q

v If wows < wiwy, (%) has no solution
v If wows > wiwy, ¢t = A7 (w)a, for any non null a > 0

v If wows = wiwy, ker A(w) = span{c~!(w)}, where

o) = (D) D) w
wa(wi+wd)’ wows w3
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Jacobi matrices

LThe inverse M—problem

LAn(,xther point of view

> | K = {(01,02,03) g C% > 40103}

> | K

{tc(w) >0, wiwg = wgwg}

DMT Coimbra, 2011
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L The invers M —problem

LAnother point of view

T c ZT9 2¢ €T3

Example: o o—o —°o

» Then, w is constant

—c 3¢ —2c¢ O
0 —2¢ 3¢ -—c
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L-The

L An 1t of view

T c ZT9 2¢ €T3

Example: o o—o —°o

» Then, w is constant

)=
0 —2¢ 3¢ -—c
0 0 —c c
3 0o -1 -2
|t 1 0 1 0 -1

Tdel -1 0 1 0
2 -1 0 3
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Jacobi mat
L-The

LAn 1t of view
Example: e —- e * ¢ - ¢
» Then, w = é(2,3¢\/5,3iﬁ,2)
[ (3%\/5)( —c 0 0 ]
| —c (12 4+ 5v5)c —3c 0

B 0 —3¢ (12F5V5)c —c

345
0 0 —c (2 Q\T)c 1
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Jacobi matrices

L The inver: —problem

LAnother point of view

Example: e —- e * ¢ - ¢
» Then, w = é(2,3¢\/5,3iﬁ,2)
[ (3%\/5)( —c 0 0 ]
| —c (12 4+ 5v5)c —3c 0
B 0 —3¢ (12F5V5)c —c
0 0 —c (Sizﬁ)c 1
16(3 & v/5) 0 —(14 + 3V/5) —12
po 1 0 2(3F V5) 0 —(14 F 3V/5)
36c| —(14 +£35) 0 2(3 +/5) 0
—12 —(14 ¥ 3/5) 0 16(3 F v/5)
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LAnother point of view
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Jacobi matrices

M—problem

point of view

> | K= {(01,02,03) 12> 40103}

o

> | K

{tc(w) >0, wws < wQ(,ug}

DMT Coimbra, 2011



Jacobi matrices

L The inverse M—problem

LAnother point of view

Example: e e * ¢ - ¢

» Then, w = —— (17 345 3+2¢571)
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2
—C
J pu—

0

i 0
591 + 263/5
o 1 —2(20 + 9v/5)
36(47 4 21V6)c| —2(74 + 33/5)
—(99 + 43V/5)

0 0
(972\/5)(: —3c 0
—3c (Q_Qﬁ)c —c
0 —c (3+2\/5)c
—2(20 +9v5)  —2(74+ 33V/5)
1774+ 79v5  —(105 + 47V/5)
—(105+47V5) 177+ 795
—2(74 +33v5)  —2(20 4+ 9v/5)

—(99 + 43V/5)
—2(74 + 33v/5)
—2(20 4+ 9V/5)
591 4 263v/5
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Jacobi matrices

M—problem

[wi-wy)  -Wa)® (1-W3)?  (1-W,_1)?
wiwz waws3 Ww3wy Wn—1Wn
_wr Wa(1-Ws)  (1-W3)? (1= Wy_1)?
wiwz waws3 W3wyg Wn—1Wn
Alw) =
_wr w3 Wp_o(1=Wp_2) _ (A=W,_1)?
wiwz waws3z Wn—2Wn—1 Wn—1Wn
_ w? Wi __Wa Win—1(1=Wn_1)
wiw2 Waw3 Wn—2Wn—1 Wn—1Wn i

J
where W; = ) w?
=1
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Jacobi matrices
L-The invers

[wi-wy)  -Wa)® (1-W3)?  (1-W,_1)?
wiwsz waw3s w3wyq Wn—1Wn
_wt Wo(1-Wp) _ (1-Ws)? (A=W, 1)?
wiwz waw3 w3wq Wn—1Wn
Alw) =
Wi w3 Wnoo(1=Wn_2) _ (1=Wn_1)
wiwz waw3 Wp—2Wn—1 Wn—1Wn
_ w? w3 __Wa, W1 (1=Wa—1)
wiw2 Waw3 Wn—2Wn—1 Wn—1Wn i

J
where W; = ) w?
=1

% A(w)c™! =a, where a >0
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Jacobi matrices

L-The inverse M-problem

LThe general ¢

T & T2 Co Z3 Tn—2 ¢, 9 Tn-1 ¢, 4 Tp

* A(w)c™! = a, where a > 0

_aw " w .
| ci(w) = ijjjl k]_[ (1—VI§/;€)’ j=1,....,n—1
=J
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* A(w)c™! = a, where a > 0

_ 0w w ._
| ci(w) = i k]:[ Ty J=L...,n—1

For any n > 2 and any weight w, rank A(w) > n — 2 and

> A(w)c Hw) = det A(w)e.

Moreover, A(w) is an M—matrix iff det A(w) > 0
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Jacobi mat

* A(w)c™! = a, where a > 0

_aw " w .
| ci(w) = ijjjl k]_[ (1—VI§/;€)’ j=1,....,n—1
=J

For any n > 2 and any weight w, rank A(w) > n — 2 and
> A(w)c Hw) = det A(w)e.

Moreover, A(w) is an M—matrix iff det A(w) > 0

For any n > 2 there exist two families of weights w and @
such that det A(w) = 0 and det A(@) > 0
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