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Jacobi matrices

Introduction

Motivation

Statement of the problem

Given c1, . . . , cn−1 > 0, d1, . . . , dn ≥ 0 and the matrix

J =


d1 −c1
−c1 d2 −c2

. . .
. . .

. . .

−cn−2 dn−2 −cn−1
−cn−1 dn


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Introduction

Motivation

Statement of the problem

Given c1, . . . , cn−1 > 0, d1, . . . , dn ≥ 0 and the matrix

J =


d1 −c1
−c1 d2 −c2

. . .
. . .

. . .

−cn−2 dn−2 −cn−1
−cn−1 dn


I For which values d1, . . . , dn is J a singular M–matrix?

I When J† is also an M–matrix?
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Introduction

Notations

Schrödinger operators on weighted paths

I Consider the Path, Pn

x1 x2 x3 xn−2 xn−1 xnc1 c2 cn−2 cn−1

I

The combinatorial Laplacian:

L(u)(x1) = c1
(
u(x1)− u(x2)

)
L(u)(xi) = ci−1

(
u(xi)− u(xi−1)

)
+ ci

(
u(xi)− u(xi+1)

)
L(u)(xn) = cn−1

(
u(xn)− u(xn−1)

)
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Introduction

Notations

Schrödinger operators on weighted paths

I Consider the Path, Pn

x1 x2 x3 xn−2 xn−1 xnc1 c2 cn−2 cn−1

I

The combinatorial Laplacian:

L =


c1 −c1
−c1 c1 + c2 −c2

. . .
. . .

. . .

−cn−2 cn−2 + cn−1 −cn−1
−cn−1 cn−1


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Schrödinger operators on weighted paths

I Consider the Path, Pn

x1 x2 x3 xn−2 xn−1 xnc1 c2 cn−2 cn−1

I Schrödinger operator with potential q: Lq(u) = L(u) + qu



DMT Coimbra, 2011

Jacobi matrices

Introduction

Notations

Schrödinger operators on weighted paths

I Consider the Path, Pn

x1 x2 x3 xn−2 xn−1 xnc1 c2 cn−2 cn−1

I

Schrödinger operator with potential q: Lq(u) = L(u) + qu

J =


d1 −c1
−c1 d2 −c2

. . .
. . .

. . .

−cn−2 dn−1 −cn−1
−cn−1 dn


where di = qi + ci + ci−1
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Jacobi M–matrices

Characterization

When a Jacobi matrix is an M–matrix?

I

Given c1, . . . , cn > 0 and d1, . . . , dn ≥ 0 the matrix

J =


d1 −c1
−c1 d2 −c2

. . .
. . .

. . .

−cn−2 dn−2 −cn−1
−cn−1 dn


is a singular M -matrix iff

d1 =
c1ω2

ω1
, dj =

1

ωj
(cjωj+1 + cj−1ωj−1), dn =

cn−1ωn−1
ωn

where ω is a weigth: ωi > 0 and ω2
1 + . . . + ω2

n = 1
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I JJ†J = J, J†JJ† = J† and JJ† = J†J
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

The Moore–Penrose inverse

I JJ†J = J, J†JJ† = J† and JJ† = J†J

I J† =
(
gij
)
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

The Moore–Penrose inverse

I

gji = gij = ωiωj


i−1∑
k=1

( k∑
l=1

ω2
l

)2
ckωkωk+1

+

n−1∑
k=j

( n∑
l=k+1

ω2
l

)2
ckωkωk+1

−
j−1∑
k=i

( k∑
l=1

ω2
l

)( n∑
l=k+1

ω2
l

)
ckωkωk+1

 ,

1 ≤ i ≤ j ≤ n
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

The Moore–Penrose inverse

I

gji = gij = ωiωj


i−1∑
k=1

( k∑
l=1

ω2
l

)2
ckωkωk+1

+

n−1∑
k=j

( n∑
l=k+1

ω2
l

)2
ckωkωk+1

−
j−1∑
k=i

( k∑
l=1

ω2
l

)( n∑
l=k+1

ω2
l

)
ckωkωk+1

 ,

1 ≤ i ≤ j ≤ n

I gij < gii+1, j = i + 2, . . . , n
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

When the M–P inverse is an M–matrix?

I gii+1 ≤ 0 for any i = 1, . . . , n− 1
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

When the M–P inverse is an M–matrix?

I gii+1 ≤ 0 for any i = 1, . . . , n− 1

I

( i∑
l=1

ω2
l

)( n∑
l=i+1

ω2
l

)
ciωiωi+1

≥
i−1∑
k=1

( k∑
l=1

ω2
l

)2
ckωkωk+1

+

n−1∑
k=i+1

( n∑
l=k+1

ω2
l

)2
ckωkωk+1
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

When the M–P inverse is an M–matrix?

I gii+1 ≤ 0 for any i = 1, . . . , n− 1

I

( i∑
l=1

ω2
l

)( n∑
l=i+1

ω2
l

)
ciωiωi+1

≥
i−1∑
k=1

( k∑
l=1

ω2
l

)2
ckωkωk+1

+

n−1∑
k=i+1

( n∑
l=k+1

ω2
l

)2
ckωkωk+1

I When ω is constant:
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

When the M–P inverse is an M–matrix?

I gii+1 ≤ 0 for any i = 1, . . . , n− 1

I

( i∑
l=1

ω2
l

)( n∑
l=i+1

ω2
l

)
ciωiωi+1

≥
i−1∑
k=1

( k∑
l=1

ω2
l

)2
ckωkωk+1

+

n−1∑
k=i+1

( n∑
l=k+1

ω2
l

)2
ckωkωk+1

I When ω is constant:

i(n− i)

ci
≥

i−1∑
k=1

k2

ck
+

n−1∑
k=i+1

(n− k)2

ck
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

When the M–P inverse is an M–matrix?

I gii+1 ≤ 0 for any i = 1, . . . , n− 1

I

( i∑
l=1

ω2
l

)( n∑
l=i+1

ω2
l

)
ciωiωi+1

≥
i−1∑
k=1

( k∑
l=1

ω2
l

)2
ckωkωk+1

+

n−1∑
k=i+1

( n∑
l=k+1

ω2
l

)2
ckωkωk+1

I When ω is constant: necessarily n ≤ 4 and

1

2
≤ c1

c2
≤ 2 when n = 3 or c1 = c3, c2 = 2c1 when n = 4

[CKN, 95]
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

Low dimensions: n = 2
x1 x2c

I
ω2
1ω

2
2

c ω1ω2
≥ 0
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

Low dimensions: n = 2
x1 x2c

I
ω2
1ω

2
2

c ω1ω2
≥ 0

I

0 < x < 1, if ω =
(
x,
√

1− x2
)
, we get

J =

 c
√
1−x2

x −c
−c x

c
√
1−x2



J† =
x(1− x2)

c

[ √
1− x2 −x
−x x2

√
1−x2

]
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

Low dimensions: n = 3
x1 x2 x3c1 c2

I ω2
1(ω

2
2+ω2

3)
c1ω1ω2

≥ ω4
3

c2ω2ω3
,

(ω2
1+ω2

2)ω
2
3

c2ω2ω3
≥ ω4

1
c1ω1ω2
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

Low dimensions: n = 3
x1 x2 x3c1 c2

I ω2
1(ω

2
2+ω2

3)
c1ω1ω2

≥ ω4
3

c2ω2ω3
,

(ω2
1+ω2

2)ω
2
3

c2ω2ω3
≥ ω4

1
c1ω1ω2

I J† is an M–matrix iff
ω3
1

ω3(1−ω2
3)
≤ c1

c2
≤ ω1(1−ω2

1)

ω3
3
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

Low dimensions: n = 3
x1 x2 x3c1 c2

I ω2
1(ω

2
2+ω2

3)
c1ω1ω2

≥ ω4
3

c2ω2ω3
,

(ω2
1+ω2

2)ω
2
3

c2ω2ω3
≥ ω4

1
c1ω1ω2

I J† is an M–matrix iff
ω3
1

ω3(1−ω2
3)
≤ c1

c2
≤ ω1(1−ω2

1)

ω3
3

I Given c1, c2 > 0, J† is an M–matrix for

{(
ω1,
√

1− (1 + t2)ω2
1 , tω1

)
: 0 < t <

c2
c1

, 0 < ω1 ≤
√

tc1
c2 + t3c1

}
⋃{(

ω1,
√

1− (1 + t2)ω2
1 , tω1

)
:
c2
c1
≤ t, 0 < ω1 <

√
1

1 + t2

}
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Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

An example:
x1 x2 x3c c

I Taking the values t = 1, 0 < x <
1√
2

J =


c
√
1−2x2

x −c 0

−c 2xc√
1−2x2

−c
0 −c c

√
1−2x2

x


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Jacobi matrices

Jacobi M–matrices

Moore–Penrose inverse of Jacobi M–matrices

An example:
x1 x2 x3c c

I Taking the values t = 1, 0 < x <
1√
2

J =


c
√
1−2x2

x −c 0

−c 2xc√
1−2x2

−c
0 −c c

√
1−2x2

x



J† =


x(1−2x2+2x4)

c
√
1−2x2

−x2(1−2x2)
c −2x3(1−x2)

c
√
1−2x2

−x2(1−2x2)
c

2x3
√
1−2x2

c −x2(1−2x2)
c

−2x3(1−x2)

c
√
1−2x2

−x2(1−2x2)
c

x(1−2x2+2x4)

c
√
1−2x2


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The inverse M–problem

Another point of view

n = 4:
x1 x2 x3 x4c1 c2 c3

I

ω2
1(ω

2
2+ω2

3+ω2
4)

c1ω1ω2
≥ (ω2

3+ω2
4)

2

c2ω2ω3
+

ω4
4

c3ω3ω4

(ω2
1+ω2

2)(ω
2
3+ω2

4)
c2ω2ω2

≥ ω4
1

c1ω1ω2
+

ω4
4

c3ω3ω4

(ω2
1+ω2

2+ω2
3)ω

2
4

c3ω3ω4
≥ ω4

1
c1ω1ω2

+
(ω2

1+ω2
2)

2

c2ω2ω3

Positive
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The inverse M–problem

Another point of view

n = 4:
x1 x2 x3 x4c1 c2 c3

I

ω2
1(ω

2
2+ω2

3+ω2
4)

c1ω1ω2
≥ (ω2

3+ω2
4)

2

c2ω2ω3
+

ω4
4

c3ω3ω4

(ω2
1+ω2

2)(ω
2
3+ω2

4)
c2ω2ω2

≥ ω4
1

c1ω1ω2
+

ω4
4

c3ω3ω4

(ω2
1+ω2

2+ω2
3)ω

2
4

c3ω3ω4
≥ ω4

1
c1ω1ω2

+
(ω2

1+ω2
2)

2

c2ω2ω3

Positive

I


ω2
1(ω

2
2+ω2

3+ω2
4)

ω1ω2
− (ω2

3+ω2
4)

2

ω2ω3
− ω4

4
ω3ω4

− ω4
1

ω1ω2

(ω2
1+ω2

2)(ω
2
3+ω2

4)
ω2ω2

− ω4
4

ω3ω4

− ω4
1

ω1ω2
− (ω2

1+ω2
2)

2

ω2ω3

(ω2
1+ω2

2+ω2
3)ω

2
4

ω3ω4




1
c1

1
c2

1
c3

 ≥ 0
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The inverse M–problem

Another point of view

n = 4:
x1 x2 x3 x4c1 c2 c3

I

ω2
1(ω

2
2+ω2

3+ω2
4)

c1ω1ω2
≥ (ω2

3+ω2
4)

2

c2ω2ω3
+

ω4
4

c3ω3ω4

(ω2
1+ω2

2)(ω
2
3+ω2

4)
c2ω2ω2

≥ ω4
1

c1ω1ω2
+

ω4
4

c3ω3ω4

(ω2
1+ω2

2+ω2
3)ω

2
4

c3ω3ω4
≥ ω4

1
c1ω1ω2

+
(ω2

1+ω2
2)

2

c2ω2ω3

Positive

I


ω2
1(ω

2
2+ω2

3+ω2
4)

ω1ω2
− (ω2

3+ω2
4)

2

ω2ω3
− ω4

4
ω3ω4

− ω4
1

ω1ω2

(ω2
1+ω2

2)(ω
2
3+ω2

4)
ω2ω2

− ω4
4

ω3ω4

− ω4
1

ω1ω2
− (ω2

1+ω2
2)

2

ω2ω3

(ω2
1+ω2

2+ω2
3)ω

2
4

ω3ω4


︸ ︷︷ ︸

A(ω)


1
c1

1
c2

1
c3


︸ ︷︷ ︸

c−1

≥ 0
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The inverse M–problem

Another point of view

n = 4:
x1 x2 x3 x4c1 c2 c3

F A(ω)c−1 = a, where a ≥ 0
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Jacobi matrices

The inverse M–problem

Another point of view

n = 4:
x1 x2 x3 x4c1 c2 c3

F A(ω)c−1 = a, where a ≥ 0

I det A(ω) =
ω1ω4

ω2
2ω

2
3

(ω2
2ω

2
3 − ω2

1ω
2
4)
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The inverse M–problem

Another point of view

n = 4:
x1 x2 x3 x4c1 c2 c3

F A(ω)c−1 = a, where a ≥ 0

I A−1(ω) = ω2ω3

ω2
2ω

3
3−ω2

1ω
2
4


ω3(ω2

1+ω2
2)

ω1

ω2
4(1−ω2

4)+ω4
3

ω1ω3

ω2
4(ω

2
3+ω2

4)
ω1ω3

ω2
1 ω2

2 + ω2
3 ω2

4

ω1(ω2
1+ω2

2)
ω2ω4

ω2
1(1−ω2

1)+ω4
2

ω2ω4

ω2(ω2
3+ω2

4)
ω4


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The inverse M–problem

Another point of view

n = 4:
x1 x2 x3 x4c1 c2 c3

F A(ω)c−1 = a, where a ≥ 0

I A−1(ω) = ω2ω3

ω2
2ω

3
3−ω2

1ω
2
4


ω3(ω2

1+ω2
2)

ω1

ω2
4(1−ω2

4)+ω4
3

ω1ω3

ω2
4(ω

2
3+ω2

4)
ω1ω3

ω2
1 ω2

2 + ω2
3 ω2

4

ω1(ω2
1+ω2

2)
ω2ω4

ω2
1(1−ω2

1)+ω4
2

ω2ω4

ω2(ω2
3+ω2

4)
ω4


X If ω2ω3 < ω1ω4, (F) has no solution
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Jacobi matrices

The inverse M–problem

Another point of view

n = 4:
x1 x2 x3 x4c1 c2 c3

F A(ω)c−1 = a, where a ≥ 0

I A−1(ω) = ω2ω3

ω2
2ω

3
3−ω2

1ω
2
4


ω3(ω2

1+ω2
2)

ω1

ω2
4(1−ω2

4)+ω4
3

ω1ω3

ω2
4(ω

2
3+ω2

4)
ω1ω3

ω2
1 ω2

2 + ω2
3 ω2

4

ω1(ω2
1+ω2

2)
ω2ω4

ω2
1(1−ω2

1)+ω4
2

ω2ω4

ω2(ω2
3+ω2

4)
ω4


X If ω2ω3 < ω1ω4, (F) has no solution

X If ω2ω3 > ω1ω4, c−1 = A−1(ω)a, for any non null a ≥ 0
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Jacobi matrices

The inverse M–problem

Another point of view

n = 4:
x1 x2 x3 x4c1 c2 c3

F A(ω)c−1 = a, where a ≥ 0

I A−1(ω) = ω2ω3

ω2
2ω

3
3−ω2

1ω
2
4


ω3(ω2

1+ω2
2)

ω1

ω2
4(1−ω2

4)+ω4
3

ω1ω3

ω2
4(ω

2
3+ω2

4)
ω1ω3

ω2
1 ω2

2 + ω2
3 ω2

4

ω1(ω2
1+ω2

2)
ω2ω4

ω2
1(1−ω2

1)+ω4
2

ω2ω4

ω2(ω2
3+ω2

4)
ω4


X If ω2ω3 < ω1ω4, (F) has no solution

X If ω2ω3 > ω1ω4, c−1 = A−1(ω)a, for any non null a ≥ 0

X If ω2ω3 = ω1ω4, ker A(ω) = span{c−1(ω)}, where

c(ω) =
(
ω1(ω2

1+ω2
2)

ω2(ω2
3+ω2

4)
,
(ω2

1+ω2
2)

ω2ω3
, ω4
ω3

)
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Jacobi matrices

The inverse M–problem

Another point of view

n = 4:
x1 x2 x3 x4c1 c2 c3

I c(ω) =
(
ω1(ω2

1+ω2
2)

ω2(ω2
3+ω2

4)
,
(ω2

1+ω2
2)

ω2ω3
, ω4
ω3

)
=⇒ A(ω)c−1(ω) = det A(ω)e
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Jacobi matrices

The inverse M–problem

Another point of view

n = 4:
x1 x2 x3 x4c1 c2 c3

I c(ω) =
(
ω1(ω2

1+ω2
2)

ω2(ω2
3+ω2

4)
,
(ω2

1+ω2
2)

ω2ω3
, ω4
ω3

)
=⇒ A(ω)c−1(ω) = det A(ω)e

I K =
{

(c1, c2, c3) : c22 ≥ 4c1c3

}
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Jacobi matrices

The inverse M–problem

Another point of view

n = 4:
x1 x2 x3 x4c1 c2 c3

I c(ω) =
(
ω1(ω2

1+ω2
2)

ω2(ω2
3+ω2

4)
,
(ω2

1+ω2
2)

ω2ω3
, ω4
ω3

)
=⇒ A(ω)c−1(ω) = det A(ω)e

I K =
{

(c1, c2, c3) : c22 ≥ 4c1c3

}

I K =
{
tc(ω) : t > 0, ω1ω4 = ω2ω3

}
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The inverse M–problem

Another point of view

Example:
x1 x2 x3 x4c 2c c

I Then, ω is constant

J =


c −c 0 0

−c 3c −2c 0

0 −2c 3c −c
0 0 −c c


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Jacobi matrices

The inverse M–problem

Another point of view

Example:
x1 x2 x3 x4c 2c c

I Then, ω is constant

J =


c −c 0 0

−c 3c −2c 0

0 −2c 3c −c
0 0 −c c



J† =
1

4c


3 0 −1 −2

0 1 0 −1

−1 0 1 0

−2 −1 0 3


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Jacobi matrices

The inverse M–problem

Another point of view

Example:
x1 x2 x3 x4c 3c c

I Then, ω = 1
6

(
2, 3∓

√
5, 3±

√
5, 2
)

J =


(3∓
√
5

2 )c −c 0 0

−c (12± 5
√

5)c −3c 0

0 −3c (12∓ 5
√

5)c −c
0 0 −c (3±

√
5

2 )c


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Jacobi matrices

The inverse M–problem

Another point of view

Example:
x1 x2 x3 x4c 3c c

I Then, ω = 1
6

(
2, 3∓

√
5, 3±

√
5, 2
)

J =


(3∓
√
5

2 )c −c 0 0

−c (12± 5
√

5)c −3c 0

0 −3c (12∓ 5
√

5)c −c
0 0 −c (3±

√
5

2 )c



J† =
1

36c


16(3±

√
5) 0 −(14± 3

√
5) −12

0 2(3∓
√

5) 0 −(14∓ 3
√

5)

−(14± 3
√

5) 0 2(3±
√

5) 0

−12 −(14∓ 3
√

5) 0 16(3∓
√

5)


System
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The inverse M–problem

Another point of view

n = 4:
x1 x2 x3 x4c1 c2 c3

I c(ω) =
(
ω1(ω2

1+ω2
2)

ω2(ω2
3+ω2

4)
,
(ω2

1+ω2
2)

ω2ω3
, ω4
ω3

)
=⇒ A(ω)c−1(ω) = det A(ω)e

I
◦
K=

{
(c1, c2, c3) : c22 > 4c1c3

}
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x1 x2 x3 x4c1 c2 c3

I c(ω) =
(
ω1(ω2

1+ω2
2)

ω2(ω2
3+ω2

4)
,
(ω2

1+ω2
2)

ω2ω3
, ω4
ω3

)
=⇒ A(ω)c−1(ω) = det A(ω)e

I
◦
K=

{
(c1, c2, c3) : c22 > 4c1c3

}

I
◦
K=

{
tc(ω) : t > 0, ω1ω4 < ω2ω3

}
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Jacobi matrices

The inverse M–problem

Another point of view

Example:
x1 x2 x3 x4c 3c c

I Then, ω = 1√
3(3+

√
5)

(
1, 3+

√
5

2 , 3+
√
5

2 , 1
)

J =


(3+
√
5

2 )c −c 0 0

−c (9−
√
5

2 )c −3c 0

0 −3c (9−
√
5

2 )c −c
0 0 −c (3+

√
5

2 )c


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Jacobi matrices

The inverse M–problem

Another point of view

Example:
x1 x2 x3 x4c 3c c

I Then, ω = 1√
3(3+

√
5)

(
1, 3+

√
5

2 , 3+
√
5

2 , 1
)

J =


(3+
√
5

2 )c −c 0 0

−c (9−
√
5

2 )c −3c 0

0 −3c (9−
√
5

2 )c −c
0 0 −c (3+

√
5

2 )c



J†=
1

36(47 + 21
√
5)c


591 + 263

√
5 −2(20 + 9

√
5) −2(74 + 33

√
5) −(99 + 43

√
5)

−2(20 + 9
√
5) 177 + 79

√
5 −(105 + 47

√
5) −2(74 + 33

√
5)

−2(74 + 33
√
5) −(105 + 47

√
5) 177 + 79

√
5 −2(20 + 9

√
5)

−(99 + 43
√
5) −2(74 + 33

√
5) −2(20 + 9

√
5) 591 + 263

√
5


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Jacobi matrices

The inverse M–problem

The general case

I
x1 x2 x3 xn−2 xn−1 xnc1 c2 cn−2 cn−1

A(ω) =



W1(1−W1)
ω1ω2

− (1−W2)
2

ω2ω3
− (1−W3)

2

ω3ω4
· · · − (1−Wn−1)

2

ωn−1ωn

− W 2
1

ω1ω2

W2(1−W2)
ω2ω3

− (1−W3)
2

ω3ω4
· · · − (1−Wn−1)

2

ωn−1ωn

...
...

. . .
. . .

...

− W 2
1

ω1ω2
− W 2

2

ω2ω3
· · · Wn−2(1−Wn−2)

ωn−2ωn−1
− (1−Wn−1)

2

ωn−1ωn

− W 2
1

ω1ω2
− W 2

2

ω2ω3
· · · − W 2

n−2

ωn−2ωn−1

Wn−1(1−Wn−1)
ωn−1ωn


where Wj =

j∑
l=1

ω2
l
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Jacobi matrices

The inverse M–problem

The general case

I
x1 x2 x3 xn−2 xn−1 xnc1 c2 cn−2 cn−1

A(ω) =



W1(1−W1)
ω1ω2

− (1−W2)
2

ω2ω3
− (1−W3)

2

ω3ω4
· · · − (1−Wn−1)

2

ωn−1ωn

− W 2
1

ω1ω2

W2(1−W2)
ω2ω3

− (1−W3)
2

ω3ω4
· · · − (1−Wn−1)

2

ωn−1ωn

...
...

. . .
. . .

...

− W 2
1

ω1ω2
− W 2

2

ω2ω3
· · · Wn−2(1−Wn−2)

ωn−2ωn−1
− (1−Wn−1)

2

ωn−1ωn

− W 2
1

ω1ω2
− W 2

2

ω2ω3
· · · − W 2

n−2

ωn−2ωn−1

Wn−1(1−Wn−1)
ωn−1ωn


where Wj =

j∑
l=1

ω2
l

F A(ω)c−1 = a, where a ≥ 0
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Jacobi matrices

The inverse M–problem

The general case

I
x1 x2 x3 xn−2 xn−1 xnc1 c2 cn−2 cn−1

F A(ω)c−1 = a, where a ≥ 0

I cj(ω) =
(1−Wj)
ωjωj+1

n−2∏
k=j

Wk
(1−Wk)

, j = 1, . . . , n− 1
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The inverse M–problem

The general case

I
x1 x2 x3 xn−2 xn−1 xnc1 c2 cn−2 cn−1

F A(ω)c−1 = a, where a ≥ 0

I cj(ω) =
(1−Wj)
ωjωj+1

n−2∏
k=j

Wk
(1−Wk)

, j = 1, . . . , n− 1

I

For any n ≥ 2 and any weight ω, rank A(ω) ≥ n− 2 and

A(ω)c−1(ω) = det A(ω)e.

Moreover, A(ω) is an M–matrix iff det A(ω) ≥ 0
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Jacobi matrices

The inverse M–problem

The general case

I
x1 x2 x3 xn−2 xn−1 xnc1 c2 cn−2 cn−1

F A(ω)c−1 = a, where a ≥ 0

I cj(ω) =
(1−Wj)
ωjωj+1

n−2∏
k=j

Wk
(1−Wk)

, j = 1, . . . , n− 1

I

For any n ≥ 2 and any weight ω, rank A(ω) ≥ n− 2 and

A(ω)c−1(ω) = det A(ω)e.

Moreover, A(ω) is an M–matrix iff det A(ω) ≥ 0

I
For any n ≥ 2 there exist two families of weights ω and ω̂
such that det A(ω) = 0 and det A(ω̂) > 0


