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Discrete Serrin’s Problem

L Intro

The original Serrin’s Problem

Given © C IR"™, with smooth boundary 6(€2), if u is the unique
solution of
—A(u) =1 on Q

u=0 on d(Q)

ou . : ) 1 2 2y.
then o S constant iff €2 is a ball and u(z) = %(R —|z|*);

that is, u is radial.
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Discrete Serrin’s Problem

Given I' = (FUJ(F),c) a network with boundary if u is the
unique solution of

L(u)=1 on F
u=20 on d(F)

then if n is constant, what can we say about I' and u?
n

» Minimum principle and Green Identities

» Existence of equilibrium measure
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L Notations

Network Topology
» Network T'= (V,E,¢)

» Given F' C V consider the sets

r(F)= I;lealgc{d(q:, I(F)}
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L Introduction

L Notations

Operators
» Combinatorial Laplacian £ : C(V) — C(V)
Lu)(x)="Y ez, y)(ul@) — uly)) = k(@)u(z) = Y c(z,y)u(y)
yev yev
» Normal derivative: u € C(V') and F' connected proper set
ou
%(l) = Z c(z,y) (u(:r) — u(y)), for any = € 0(F)

yeF

Gauss Theorem: Z L(u)(x) =— Z g—z(:n)
z€F zes(F)
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Discrete Serrin’s Problem

Minimum principle

» A function u € C(V) is called
> Superharmonic if L(u) >0

> Strictly Superharmonic if £(u) > 0

If w € C(V) is superharmonic on F, then

- (min {u(@)} < min{u(z)}

The equality holds iff w = ax
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i=1,...,r(F)—1

9365( x€D; z€D; 11
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If uw € C(F) is superharmonic on F', then for any
i=1,...,r(F)—1

R RGN = R el e,

If w € CT(F) is a strictly superharmonic function on £, then
» | for any x € F there exists y € F' such that ¢(z,y) > 0 and

u(y) < u(z)
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Superharmonic fu

L Minimum princ

Generalized minimum principles

If u € C*(F) is a strictly superharmonic function on F', then
» | for any x € F there exists y € F' such that ¢(z,y) > 0 and

u(y) < u(z)
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Superharmonic fun

L Minimum princ

Level sets
» Given u € C*(F) we denote 0 =g < uy < --- < ug

> Level set U; = {z € F:u(z) =u;}

If w e CT(F) is a strictly superharmonic function on F', then

(3
> Uy=Dgand U; C |J D;, foranyi=1,...,s
j=1
If u € C*(F) is a strictly superharmonic function on F
>

satisfying U; = D; for all j =0, ..., then Uj;1 C D;yq
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Radial Functions

» An strictly superharmonic function u € C*(F) is called

radial if U; = D;, for any i =0,...,s = s = r(F)

If w € C*(F) is a radial function , then for any z € D;

Eu(a:) = ki+1(:c) (uz = Ui+1) + ki_l(l') (uz = ui_l) > 0,
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Radial Functions

» An strictly superharmonic function u € C*(F) is called

radial if U; = D;, for any i =0,...,s = s = r(F)

If w € C*(F) is a radial function , then for any z € D;

| 4 Eu(m) = ki+1($) (uz = ui+1) + ki_l(ac) (uz = ui_l) >0
~—— ———
> c(@y) > clzy)
_ngl)i+] yeD,; 1

kioi(z) ki_i(y)
< > > D/—l
1 y D,
kivi(z)  Kiga(y) D/ l
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Superharmonic fun

L Minimum princ

Radial Functions

» An strictly superharmonic function u € C*(F) is called

radial if U; = D;, for any i =0,...,s = s = r(F)

~——

_ngl)i+] yeD,; 1

If w € C*(F) is a radial function , then for any z € D;

| 4 Eu(m) = ki+1($) (uz = ui+1) + ki_l(ac) (uz = ui_l) >0
———
> clzy) > e

Moreover, for any x € Dy,

> ou

%(ac) = —ki(z)u1 <0
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>nt of the problem

Serrin’s problem

Given I' = (FUJ(F),c) a network with boundary if v is the

equilibrium measure of F'

Lr)=1 on F, v=0 ond(F)

0
then if (,_)—V = (', what can we say about I" and v?
n

» Has I" ball-like structure?

» Is v radial?

| 4

If v satisfies Serrin’'s condition, then C' = —ﬂ
|6(F)]
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LNt‘tV\

L Re

with boundary

Separated boundary

v =0 v =0 vt =0 vt =0 v' =0

v =1 v =1 v v

I Ty

» For any = € 0(F') there 3! & € Dy such that ¢(z,2) >0

» We suppose that |F| > 2

>

If v satisfies Serrin's condition, then U; = Dy iff ¢(x,2) is
constant. Therefore, Uy C Do
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Spider network with radial conductances

radius j

circle ¢

m circles
n radius
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Spider network with radial conductances

radius j

circle i

3
-

nim—1)+1
a;

S|
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Discrete Serrin’s Problem

L Network with boun

L Ball-like structure

Spider network

Zoo

» | Serrin’s condition holds iff b3 =a; and by =as
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LNA:'tv\"ork with boundary

L Ball-like structure

Regular Layered Networks

cy c 1
= > >
bo b
o=—+— — 1
O(F D, Dy D D,

» For any = € D;, ki—1(x) = ¢; and kip1(x) =bj,i=1,...,m
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cp=0 ) c by s 2 . Cm b
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81/F m i—1 b[
S(@) ==Y ([] 5] foran D
> o (z) 2 (o5 orall =€ Dy
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LNA:'tv\"ork with boundary

L Ball-like structure

Characterization

Let I' be a network such that forallt=1,...,m — 1,
kz'_:,_l(l') + ki_l(x) =d; forall € D;
U; = D;

m =S
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Characterization

Let I' be a network such that forallt=1,...,m — 1,

kz'_:,_l(l') + ki_l(x) =d; forall € D;
U, =D,
m =S

Then, v satisfies Serrin's condition iff I" is a layered regular
graph
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