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Green Matrices

Polyominoes
Organic Chemistry: Kirchhoff Index

Generalized Linear Polyominoes

°
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@ Perturbation of a path
@ Combinatorial Laplacian
°

Inverse M—matrix problem. Green matrices.
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Organic Chemistry

Hexagonal Chain (benzene, naphtalene)

Phenylene
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Introduction Generalized Linear Polyominoes

Green .Matrices
Generalized Linear Polyominoes L,

I €T s

Qjy @i,y Qi

Cop— 1 #C2opn—2

Ton T2n—1 Ton+1-k Tpt2  Tp4l

A path P,, with vertices V = {x1,...,x2,} and conductances

@ c(xj,xiy1) >0, fori=1,...,2n—1,
@ c(xj,xant1—i) > 0foranyi=1,...,n—1

@ c(xj,xj) = 0 otherwise.
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Introduction Generalized Linear Polyominoes

Green Matrices

A Generalized Linear Polyomino I € L,

x

aj, ai, | a;,

Con— ¥ Cop—2

Top Top—1 Tont+1-k Tn+2  Tpyl

Ty

@ The weight w on the vertex set V : w; =w(xj), j=1,...,2n
o ¢ =c(xj,xj+1), j=1,...,2n—1

® aj = c(xj,xont1—j), j=1,...,n—1.

Definition
The link numberof Tiss=|{i=1,...,n—1:a; > 0}|.
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Introduction Generalized Linear Polyominoes

Green Matrices

Some Generalized Linear Polyominoes

Cycle. Link number s =1

Of.m Lo"br 2

Lo Ton—1 Ton+1-k Tnt2  Tptl

Ladder. Link number s =n—1

Ty T3 T Tpn-1 Tn

Ton  Top-1 Lon+1-k Tnt2  Tntl
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Introduction Generalized Linear Polyominoes

Green Matrices

A Generalized Linear Polyominoes I € I,

: Con—1 : Con—2

Ton  T2p-1 Lon+1-k Tnt2  Tntl
» We focus in obtaining the Green function of I as a perturbation

of a path.

» Polyominoes Green function <+ Green matrices.
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Introduction Generalized Linear Polyominoes

Green Matrices

Type D matrices
Definition
A s x s matrix © = (oj;) is of (weak) type D if there exist real
numbers {o;}"_, with 0, > op_1 > ... > o1 (no restrict.), such
that gjj = Umin{i,j}'
Theorem

If ¥ is a type D matrix, o1 > 0, then X1 is a tridiagonal

M-matrix
Example
3 333 2 -2 0 o0
1 1
35 77 o -1 1 -1
35709 o o0 -1 3
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Introduction Generalized Linear Polyominoes

Green Matrices

Flipped (weak) type D matrices

Definition
Y. = (0jj) is a flipped (weak) type D matrix with parameters

{oiti_, ifojj = Tmax{i.j}-
Theorem

1
Y is invertible iff 0j # 0j41, 7 = ———, and j=1,...,s.
o

j 041
" -n 0 0 0
-7 Mt —72 s 0 0
0 -2 Y2tz 0 0
yl=
0 0 0 o Ys—2 t+ Vs—1 —Us—1
0 0 0 —Ys—1 Ys—1+ s
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Introduction Generalized Linear Polyominoes

Green Matrices

Green matrix

Definition
If A is a weak type D matrix, and B is a flipped weak type D

matrix, then
G=Ao0oB

is a Green matrix

Theorem

G is a nonsingular Green matrix iff G is an irreducible tridiagonal
matrix.
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Green Matrices

Combinatorial Laplacian of a network

» The Laplacian Operator of a network ' = (V, E, c)

L(u)(x) =Y clx,y)(u(x) = u(y))

yev
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Introduction Generalized Linear Polyominoes

Green Matrices

Combinatorial Laplacian of a network

» The Laplacian Operator of a network ' = (V, E, c)

L(u)(x) =Y clx,y)(u(x) = u(y))

yev
» The Combinatorial Laplacian of the network I
k(x1) coo —c(x1,%n)
L= : : : k(xi) = ) c(xi,x;)
_C(Xn,Xl) - k(Xn) j=1

3
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Introduction Generalized Linear Polyominoes

Green Matrices

Combinatorial Laplacian of a network

» The Laplacian Operator of a network ' = (V, E, c)

L(u)(x) =Y clx,y)(u(x) = u(y))

yev

» The Combinatorial Laplacian of the network I

k(x1) coo —c(x1,%n) n

L= : : , E c(xi, xj)
J=1

—c(Xp,x1) --- k(xn)

» L is singular, positive semidefinite and £(v) = 0 iff v = const.
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Introduction Generalized Linear Polyominoes

Green Matrices

Green operator G. Green function G(x,y)

» If (f,1) =0, then u = G(f) is the only solution of the Poisson's
equation L£(u) = f such that (u,1) =0
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Introduction Generalized Linear Polyominoes

Green Matrices

Green operator G. Green function G(x,y)

» Given f, u= G(f) is the only solution of the Poisson’s equation
L(u) = f —L(f 1) such that (u,1) =0
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Introduction Generalized Linear Polyominoes

Green Matrices

Green operator G. Green function G(x,y)

» Given f, u= G(f) is the only solution of the Poisson’s equation
L(u) = f —L(f 1) such that (u,1) =0

»GoL=LoG=T-1( 1)=G=LI
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Green Matrices

Green operator G. Green function G(x,y)

» Given f, u= G(f) is the only solution of the Poisson’s equation
L(u) = f —L(f 1) such that (u,1) =0

»GoL=LoG=T-1( 1)=G=LI

» G is singular, positive semidefinite and G(u) = 0 iff u = const.
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Perturbation of a path Selfcomplementary Polyominoes

The Polyomino as a perturbation of a Path

Cop— 1 #C2opn—2

Ton T2n—1 Ton+1-k Tpt2  Tp4l

» Polyomino: add s edges to a weighted path P,
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Perturbation of a path Selfcomplementary Polyominoes

The Polyomino as a perturbation of a Path

Cop— 1 #C2opn—2

Ton T2n—1 Ton+1-k Tpt2  Tp4l

» Polyomino: add s edges to a weighted path P,

Exant1—iy Ex;, > K
/e Tk,

» Dipole: ok = pk(
W2n+1—ik wik

with py = /@@ w21,
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Perturbation of a path Selfcomplementary Polyominoes

Effective resistance

Definition
The effective resistance R(x,y) is the only solution of L(u) = oy,

Glx:. x;
The total resistance at x; is r(x;) = M
W*
j
Properties
[ R(X,,XJ) (XHXI) + G(XNXJ) _ 2G(Xl"xj)

1 Wit

> R defines a d|stance.

> R(xi,xk) + R(xk,xj) = R(xi,xj), when1<i<k<j<2n,
and xi disconnects I
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Perturbation of a path Selfcomplementary Polyominoes

Operators associated with a perturbation

A= ((G(0j),0k)); | + A is non singular
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Perturbation of a path Selfcomplementary Polyominoes

Operators associated with a perturbation

A= ((G(0j),0k)); | + A is non singular

Green function

> G (x1, %) = G(xi, ) — .

((1+ /\)_1(r —vi), (r —vj)
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. Ifcomplementary Polyominoes
Perturbation of a path &= P y yom!

Operators associated with a perturbation

A= ((G(0j),0k)); | + A is non singular

Green function

> G (x1, %) = G(xi, ) — .

((1+ /\)_1(r —vi), (r —vj)

Effective resistance 1
-1
»Rr(x,-,xj) = R(X,',Xj)— Z<(I+A) (Vj—V,'),(Vj—V,')>
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. Ifcomplementary Polyominoes
Perturbation of a path &= P y yom!

Operators associated with a perturbation

A= ((G(0j),0k)); | + A is non singular

Green function
>Gr(xivxj) = G(X,',Xj) -

w,-wj

((1+ /\)_1(r —vi), (r —vj)

Effective resistance 1
-1
»Rr(x,-,xj) = R(X,',Xj)— Z<(I+A) (Vj—V,'),(Vj—V,')>

Kirchhoff Index

2n
1 _ 1 .
>kr:k—|—1<(l+/\) 1r,r>—4j§:1wf<(l+/\) Vi, V)
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. Ifcomplementary Polyominoes
Perturbation of a path &= P y yom!

Operators associated with a perturbation

A= ((G(0j),0k)); | + A is non singular

Green function

> G (x1, %) = G(xi, ) — .

((1+ /\)_1(r —vi), (r —vj)

Effective resistance 1
-1
»Rr(x,-,xj) = R(X,',Xj)— Z<(I+A) (Vj—V,'),(Vj—V,')>

Kirchhoff Index

2n
1 _ 1 .
>kr:k—|—1<(l+/\) 1r,r>—4j§:1wf<(l+/\) Vi, V)

r= (pk [rOent1—i) = r(xi)]) iy Vi = (ok [RGeni1-i ) — R(xi )] iy
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Perturbation of a path Selfcomplementary Polyominoes

On a weighted path P,

» Green function

min{i,j}—1 W2 2n—1 (1 _ Wk)2 - max{i,j}—1 Wk(]. _ Wk)

G(X,'7 Xj) = wjwj Z -k + Z

ClWpw CrWpw ClWpw
paet KWOKWkL ST Ch Wk Wk kWkWk+1

k=min{i,j}

J
where W, = > w?, j=1,...,2n
i=1
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. | tary Pol i
Perturbation of a path Selfcomplementary Polyominoes

On a weighted path P,

» Green function

in{i,j}—1 2n—1 max{i,j}—1
min{i,j sz . n (1 _ Wk)2 - Wk(l _ Wk)

G(xi, xj) = wjwj Z Z

o1 CKWRWREL S o CkWKWREL T Gk Wk
j -
where W, = Zw?,jzl,...,Zn
i=1
» Total resistance and Effective resistance
i—1 w2 2n—1 1- Wk)g max{i,j}—1 1
RO L/ e, o G113 T e
k=1 kKDL o SRk k=min{i,j} CKCkPh+1L
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. Ifcomplementary Polyominoes
Perturbation of a path &= P y yom!

Computing (/ +A)™!

> <g (Uk) ) Um> = pkme(Xmax{ik,im}a X2n+1—max{ik,im})
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. Ifcomplementary Polyominoes
Perturbation of a path &= P y yom!

Computing (/ +A)™!

> <g (Uk) ) Um> = pkme(Xmax{ik,im}a X2n+1—max{ik,im})

> D_1(| + /\)D_1 = D_2 + R, D = (p1,.-.,ps) diagonal matrix

R(xi,, x2n+1—iy) R(Xi, X2nt1-i) -+ R(Xi, Xen+1-1i.)]

R(xiy, xon+1—iy) R(Xip, Xon+1-i) -+  R(Xi., Xont1-i,)

| R(Xi,, xon+1-i.)  R(xi;, xent1-i.) -+ R(Xi, Xent1-i,)

R(x1, Xnt1-1) > -+ > R(xp—1,xn+1) = R is a flypped type D-matrix
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Perturbation of a path Selfcomplementary Polyominoes

Computing (/ +A)™!

> <g (Uk) ) Um> = pkme(Xmax{ik,im}a X2n+1—max{ik,im})

> D_1(| + /\)D_1 = D_2 + R, D = (p1,.-.,ps) diagonal matrix

R(xi,, x2n+1—iy) R(Xi, X2nt1-i) -+ R(Xi, Xen+1-1i.)]

R(xiy, xon+1—iy) R(Xip, Xon+1-i) -+  R(Xi., Xont1-i,)

| R(Xiy, Xon41-i.)  R(Xi, Xon1-i) -+ R(Xi,, x2nt1-i,)]
R(x1, Xnt1-1) > -+ > R(xp—1,xn+1) = R is a flypped type D-matrix

= R is a tridiagonal and invertible M—matrix
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