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Perturbations of Discrete Elliptic Operators

L Introduction

L Notations

The setting

» Finite connected network: I' = (V,¢), c¢: V x V — [0, 4+00)
> Space of real functions: C(V) = {u: V — R}

» Inner product on C(V): (u,v) = ;Vu(x)v(x)

> Weights: Q(V) ={w e C(V):w(x) #0, z €V, (w,w) =1}
> Positive weights: Q1 (V) = {w e Q(V) :w(z) >0, z €V}
» Dirac functions: &,

» Linear operators: £: C(V) — C(V)

» Kernel: K € C(V x V) = K(u)(x) = > K(z,y)u(y)

yev
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Perturbations of Discrete Elliptic Operators

Network

Schrodinger—like Operators

Consider F: C(V) — C(V') given by

Flu)(@) =) e(z,y)(ulz) £ u(y))

yeVv
and F,(u) = F(u) + qu, where ¢ € C(V) is called potential

» Matrix version: If k(z) = > c(x,y) (generalized degree)

yeVv
k(z1) +q(z1)  *e(zi,z2) -+ Felz,zp)
te(zy,x2)  k(xe) +q(ze) -+ Lce(ze,zp)
+c(x1, ) te(zo, zn) o0 k() + q(zn)
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Perturbations of Discrete Elliptic Operators

Schrodinger—like Operators

Consider L: C(V) — C(V)

L(u)(x) =Y ez, y) (u(@)—u(y))
yeVv
Combinatorial Laplacian

» Matrix version:

k(z1) —c(xy,29) -+ —c(x1,2p)
—c(x1,x2) k(z2) s —c(x9,xp)
=D-A
—c(z1,zn) —c(z2,Tp) -+ k(xy)
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Perturbations of Discrete Elliptic Operators

Schrodinger—like Operators

Consider Q: C(V) — C(V)

yev
Signless Laplacian
» Matrix version:
k(z1) +e(zr,22) -0 He(xr,xn)
+c(z1, x2) k(x2) s te(xg, xn)
= D+A
+e(z, zn)  He(zo, ) - k(zy)
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Perturbations of Discrete Elliptic Operators
LElliptic Op

Network

Singular Schrodinger—like Operators

Combinatorial Laplacian

Signless Laplacian

Llu)(x) =Y elw,y)(ulz) - uly))

yeVv

Lu)=0su=a-1

Qu)(x) = Y e(w,y) (u(x) + uly))

yeVv

singular < I'is (Vj, V1 )-bipartite
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Perturbations of Discrete Elliptic Operators
LElliptic Op

Network

Singular Schrodinger—like Operators

Combinatorial Laplacian

Signless Laplacian

L(u)(x)

=Y ez, y) (ulx) — u(y))

yeVv

Lu)=0su=a-1

Qu)(x) = Y e(w,y) (u(x) + uly))

yeVv

singular < I'is (Vj, V1 )-bipartite

Q(u):O@u:a-(XVO—xvl)

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

Elliptic Schrodinger—like Operators

Consider F: C(V) — C(V') and ¢ € C(V'), where

Flu)(@) =) e(w,y)(ulz) £ u(y))

yeVv
and the Schrédinger operator F,(u) = F(u) + qu

» F, is elliptic iff it is positive semidefinite and its lowest
eigenvalue, A, is simple

> Ifwe QV)iss.t. Fy(w) = \w, then Fy is (A, w)—elliptic

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

Elliptic Schrodinger—like Operators

Consider F: C(V) — C(V') and ¢ € C(V'), where

Flu)(@) =) e(w,y)(ulz) £ u(y))

yeVv
and the Schrédinger operator F,(u) = F(u) + qu

» F, is elliptic iff it is positive semidefinite and its lowest
eigenvalue, A, is simple

> Ifwe QV)iss.t. Fy(w) = \w, then Fy is (A, w)—elliptic

1
» | Lis (0,w)—elliptic, where w = y/—1
n

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

Network

Elliptic Schrodinger—like Operators

Consider F: C(V) — C(V') and ¢ € C(V'), where

Flu)(@) =) e(w,y)(ulz) £ u(y))

yeVv
and the Schrédinger operator F,(u) = F(u) + qu

» F, is elliptic iff it is positive semidefinite and its lowest
eigenvalue, A, is simple

> Ifwe QV)iss.t. Fy(w) = \w, then Fy is (A, w)—elliptic

If T is (Vo, Vh1)-bipartite, then Q is (0,w)—elliptic,

1
where w = - (XVO — le)
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Perturbations of Discrete Elliptic Operators

Network

Doob Transform

Consider the Schrodinger—like operator

Fo(w)(@) =Y clz,y) (u(@) £ u(y)) + a@)u(z)

yev

» Potential associated with 0 € Q1 (V): ¢ = —0 'L(0)

_L clx o\xr)o M @
]-‘q(u)(a:)—a(x)z (z,y)o(z)o(y) (Cf(:r)ia(y))

yeVv
+ (a(@) = go(2))u(z)
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Perturbations of Discrete Elliptic Operators

Doob Transform

Consider the Schrodinger—like operator

yev

Fo(w)(@) =Y clz,y) (u(@) £ u(y)) + a@)u(z)

» Potential associated with 0 € Q1 (V): ¢ = —0 'L(0)

Fw)(@) = — 3 ele, p)o(@)o )

> o(x) =
+ (g(x) = go(@)) u(x)

(

@la)
o(x) +

)

»| ¢— g, = A > 0= F, is positive semidefinite
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Perturbations of Discrete Elliptic Operators

Network

Doob Transform

Consider the Schrodinger—like operator

Fo(w)(@) =Y clz,y) (u(@) £ u(y)) + a@)u(z)

yev

» Potential associated with 0 € Q1 (V): ¢ = —0 'L(0)

_L clx o\xr)o M @
]-‘q(u)(a:)—a(x)z (z,y)o(z)o(y) (Cf(:r)ia(y))

yeVv
+ (a(@) = go(2))u(z)

»| ¢— g, = A > 0= F, is positive semidefinite EIIiptic?
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Perturbations of Discrete Elliptic Operators
LEllipti Network

LSchrt'jdinger Operators

Doob Transform

Consider the Schrodinger—like operator

Fo(w)(@) =Y clz,y) (u(@) £ u(y)) + a@)u(z)

yev

» Potential associated with 0 € Q1 (V): ¢ = —0 'L(0)

| 00 = 55 S elaiotaioty (5222
+ (4(2) - g (@) u(x)
| £, s ellipticiff g =go + A, A >0 [BCE 2005] g
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Perturbations of Discrete Elliptic Operators

Network

Doob Transform and Ellipticity

Let g=go+ A 0 € Q(V), A >0and F,F: C(V) — C(V),

Flu)(@) =Y e(@,y)(ul@) £ uly))

yev

Fl)(@) =Y c(@,y)o(@)o(y)(u(@) + u(y))

yeVv

» Define ¢(z,y) = c(z, y)o(z)o(y) and consider I = (V, )

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

a Network

Doob Transform and Ellipticity

Let g=go+ A 0 € Q(V), A >0and F,F: C(V) — C(V),

Flu)(@) =Y e(@,y)(ul@) £ uly))

yev

Fl)(@) =Y c(@,y)o(@)o(y)(u(@) + u(y))

yeVv

» Define ¢(z,y) = c(z, y)o(z)o(y) and consider I = (V, )

> | Fow) = ZF (D) tru= (Fylw)u = (F(2), L) Aw )

g g g
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Perturbations of Discrete Elliptic Operators

a Network

Doob Transform and Ellipticity

Let g=go+ A 0 € Q(V), A >0and F,F: C(V) — C(V),

Flu)(@) =Y e(@,y)(ul@) £ uly))

yev

Fl)(@) =Y c(@,y)o(@)o(y)(u(@) + u(y))

yeVv

» Define ¢(z,y) = c(z, y)o(z)o(y) and consider I = (V, )

> | Fy(u) = %f(“) = () = )

g
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Perturbations of Discrete Elliptic Operators

a Network

Doob Transform and Ellipticity

Let g=go+ A 0 € Q(V), A >0and F,F: C(V) — C(V),

Flu)(@) =Y e(@,y)(ul@) £ uly))

yev

Fl)(@) =Y c(@,y)o(@)o(y)(u(@) + u(y))

yeVv

» Define ¢(z,y) = c(z, y)o(z)o(y) and consider I = (V, )

> | Fy(u) = %f(“) = () = )

g

> | F, is (A, w)—elliptic iff F is (0,0 w)-elliptic

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

Doob Transform and Signless Laplacian

Letgq=qgo+ A, 0 €Q(V), A >0and

Qu)(z) = Y _ e(x,y) (u(z) + uly))

yev

Qu)(z) = Y clz,y)o(x)o(y) (ulz) + uly))

yeVv

» Define ¢(z,y) = c(z, y)o(z)o(y) and consider I = (V, )

» Assume that I"is (Vp, V4 )-bipartite

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

Network

Doob Transform and Signless Laplacian

Letgq=qgo+ A, 0 €Q(V), A >0and

Qu)(z) = Y _ e(x,y) (u(z) + uly))

yev

Qu)(x) = Y _ clw,y)o(x)o(y) (u(x) + u(y))

yeVv

» Define ¢(z,y) = c(z, y)o(z)o(y) and consider I = (V, )

» Assume that T is (Vp, Vi)-bipartite= | T is (Vo, V4 )-bipartite
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Perturbations of Discrete Elliptic Operators

Network

Doob Transform and Signless Laplacian

Letgq=qgo+ A, 0 €Q(V), A >0and

Qu)(z) = Y _ e(x,y) (u(z) + uly))

yev

Qu)(z) = Y clz,y)o(x)o(y) (ulz) + uly))

yeVv

» Define ¢(z,y) = c(z, y)o(z)o(y) and consider I = (V, )

» Assume that T is (Vp, Vi)-bipartite= | T is (Vo, V4 )-bipartite

> [ Q is (A, w)—elliptic where w = o (x,, — Xy, )

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

etwork

Orthogonal Green Function

Consider F: C(V) — C(V) a (A, w)—elliptic operator

» F determines an automorphism on w

» Orthogonal Green Operator: G(u) = F~ ! (u — (w, u)w)

» | Gis (0,w)—elliptic

» Orthogonal Green Function: G, the kernel of G

» | G(z,y) = G(y,x) and G(z,x) >0

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

Network

Resistances and Kirchhoff Index

Consider F a (\,w)—elliptic operator, G its orthogonal Green
operator and G the orthogonal Green Function

Ex Ey Ewl

wx)  w(y)
» Effective Resistance between z,y € V: R(z,y) = (G(Tay), Tay)

» w-Dipole between z,y € V: 7, =

R(z,y) = R(y,x), R(z,y) >0 and R(z,y) =0iffx =y
> G(z,z)  Gly,y) 2G(z,y)

R(x,y) = (D) + w(®)?  w@)w(y)

1
» Kirchhoff Index of F: K = 5 Z R(z,y)w(z)?w(y)?
z,yeV
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Perturbations of Discrete Elliptic Operators

Network

Resistances and Kirchhoff Index

Consider F a (\,w)—elliptic operator, G its orthogonal Green
operator and G the orthogonal Green Function

Ex Ey Ewl

wx)  w(y)
» Effective Resistance between z,y € V: R(z,y) = (G(Tay), Tay)

» w-Dipole between z,y € V: 7, =

R(z,y) = R(y,x), R(z,y) >0 and R(z,y) =0iffx =y
> G(z,z)  Gly,y) 2G(z,y)

R(x,y) = (D) + w(®)?  w@)w(y)

» Kirchhoff Index of F: | K= > G(z,x)
zeV
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Perturbations of Discrete Elliptic Operators

Perturbations of Elliptic Signless Laplacian

Assume that I" is (V{, V1)—bipartite and consider

Qq(u)(x) = Y e(x,y) (u(x) +uly)) + q(z)u(x)
yev
where ¢ = g, + A = Q, is (A, w)—elliptic, w = O'(XVO — le)

» Consider €: V x V — [0, +00) and ¥ = X (Vi xvy)u(vy x V)

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

LElliptic Perturbations

LSignles.&: Laplacian

Perturbations of Elliptic Signless Laplacian

Assume that I" is (V{, V1)—bipartite and consider

Qq(u)(x) = Y e(x,y) (u(x) +uly)) + q(z)u(x)
yev
where ¢ = g, + A = Q, is (A, w)—elliptic, w = O'(XVO — le)

» Consider €: V x V — [0, +00) and ¥ = X (vyxvi)u

(V1xVp)
O (u)(2) = u@) ¥ (c+ &)@ y)+ 3 (e~ ) (@,9) uly)
yeVv yev
. =3 (e~ (1= %)) (@ 9) u(y) + ¢ (@)u(a)
yeVv
€)= A=~ (e @.1) (o ()=o) i (1. o)-eliptic
yev

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

LElliptic Pertur

L Signless Laplacian

Perturbations of Elliptic Signless Laplacian

» Pzy = \/e(a:,y)a(x)a(y)

> v, = (%pzi [R(z,x) — R(%,x)D eERY, r= thw(t)Q
teV

| M=1I+ (pxypjg<g(7-xy),7'@>> is positive definite

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

LElliptic Pertur

L Signless Laplacian

Perturbations of Elliptic Signless Laplacian

» Pzy = \/e(a:,y)a(a:)a(y)

> v, = (%pzi [R(z,x) — R(%,x)D eERY, r= thw(t)2
teV

| M=1I+ (pxypw<g(7'xy),7'@>> is positive definite

> | G(z,y) = G(z,9) — w(@)wE)MTH(r —va),r — vy)

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators
LElliptic Perturbations

LSignles.&: Laplacian

Perturbations of Elliptic Signless Laplacian

» Pzy = \/e(a:,y)a(a:)a(y)

> v, = (%pzi [R(z,x) — R(%,x)D eERY, r= thw(t)2
teV

| M=1I+ (pxypw<g(7'xy),7'@>> is positive definite

> | G(z,y) = G(z,9) — w(@)wE)MTH(r —va),r — vy)

» | R(z,y) = R(z,y) — (M~ (vy — Vy), Vg — Vy)

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

erturbations

ss Laplacian

Perturbations of Elliptic Signless Laplacian

» Pzy = \/e(a:,y)a(a:)a(y)

> v, = (%ng [R(z,x) — R(%,x)D eERY, r= thw(t)Q
teV

| M=1I+ (pxypw<g(7'xy),7'@>> is positive definite

> | G(z,y) = G(z,9) — w(@)wE)MTH(r —va),r — vy)

» | R(z,y) = R(z,y) — (M~ (vy — Vy), Vg — Vy)

| K=K+ (M =) (M, vo)w(z)?
zeV

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators
LElliptic Perturbations

LSignles.&: Laplacian

Example: A path

Consider Q the signless laplacian of the path on n vertices
with conductances ci,...,¢c,—1 >0, 0 € Q4 (V) and Q,,

, L1 T3
\ 0
(&} Cc2 c3 KI
T2 Ty

> [ If w(zy) = wj = (=1)o(x;) = (1)), Q, is (0,w)—elliptic

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators
LEllip r 5

L si

Example: A path

Consider Q the signless laplacian of the path on n vertices
with conductances ci,...,¢c,—1 >0, 0 € Q4 (V) and Q,,

> [ If w(zj) =wj = (=1)Io(z;) = (=1)70j, Qg is (0,w)-elliptic

min{4,j}—1 9 n—1 2

W, 1—-W,
Glai,aj) = —wiw; | D, —FE—v 3 (ol
k=1 CrWkWh+1 k=max{%,5} ChWR k1

> - ’
max{i,j}—1 Wk(]_ _ Wk) B k )
V) S |0 =
k=minf{i,j} © e k+l =1

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators
LElliptic Perturbations

LSignles.&: Laplacian

Example: A path

Consider Q the signless laplacian of the path on n vertices
with conductances ci,...,¢c,—1 >0, 0 € Q4 (V) and Q,,

min{s,j}—1 2 n—1 2
" W, (1—Wy)
Cleiw;)= (=) Howo, — L P —
( % J) ( ) o= ; CLOKLOk+1 k—z" CLOELOk+1
> — =max{i,j}
max{i,j}—1 k
Wi (1 =W,
- Y T wey
k=minfijy O g=1
max{s,j}—1 1
> | Rzi,zj) = —
(i, ;) kZ CkOkOk+1
=min{i,j}

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

Example: A path

Consider Q the signless laplacian of the path on n vertices

with conductances ci,...,¢c,—1 >0, 0 € Q4 (V) and Q,,
min{s,j}—1 2 n—1 2
oy 1% (1 —Wy)
mex‘ — —"”aia' 7]64_ A TR
oz =i 3 oot Y e
> :
max{i,j}—1 k
Wi (1 — Wy,
- Y T W=yl
k=min{i,j} kO k+L j=1
max{s,j}—1 n—1
1 Wi (1 - W,
ke—rain{i i CkOKOk+1 CkOKkOk+1
=min{%,j5} k=1

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators
LEllip r 5

Example: Single Perturbations on a Path

Consider Q the signless laplacian of the path on n vertices
with conductances ¢y, ...,c,—1 >0, 0 € Q4 (V) and Q,,

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

Example: Single Perturbations on a Path

Consider Q the signless laplacian of the path on n vertices
with conductances ¢y, ...,c,—1 >0, 0 € Q4 (V) and Q,,

|14

T2 Ty

n even

Q¢ (z1)=(c1+€)u(z1) + cru(xs)+ eu(zy,) + g (r1)u(xq)
> |Q(x;)=(c; + cj—1)ulz;)+eju(z;ra)+ejru(zj-1)+q° (z;)ulz;)
Q(xn)=(cn_1t+€)u(zy) + cn_1u(xn—1)+ €u(x1) + ¢ (x,)u(xy,)

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

Example: Single Perturbations on a Path

Consider Q the signless laplacian of the path on n vertices
with conductances ¢y, ...,c,—1 >0, 0 € Q4 (V) and Q,,

Vi

T Tp—1

n odd

QR (z1)=(c1+€)u(z1) + cru(z2)—€u(xn) + ¢ (z1)u(z1)
> 1 Q(z5)=(c; + cj—1)ulzj) +eju(@jt1) +ej_1u(zj—1) +¢ () u(z;)
Q“(zn)=(cn—1t+ €)u(zn) + cn—1u(zn—1)—€u(@1) + ¢ (2 )u(zn)

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators
LEllip r 5

Example: Single Perturbations on a Path

Consider Q the signless laplacian of the path on n vertices
with conductances ¢y, ...,c,—1 >0, 0 € Q4 (V) and Q,,

> Wk—ZU], C = 60’10n+z

n—1

’H:Z&

CkOKOk+1

CkOEOk+1

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators
LEllip r 5

Example: Single Perturbations on a Path

Consider Q the signless laplacian of the path on n vertices
with conductances ¢y, ...,c,—1 >0, 0 € Q4 (V) and Q,,

n—1
Wy,
» W, = o:, C= + H =
Z i €010 Z Cko'ko'k+17 Z CLOLTk+1
min{i,j}—1 2 n—1 )
L %% 1-W,
Gla) = (PP S Wy Y UZWE
k=l CRORORHL iy ORTRHL
1
> - ma"{if} Wik (1 — Wi)
bl gy O
-1 i+j 0 n—1 1 n—1 1
_ (D) Moigg| LI |7 . -
C £~ CLOKOK+1 = CkOROk+1

ILAS 2013, Providence, RI



Perturbations of Discrete Elliptic Operators

Example: Single Perturbations on a Path

Consider Q the signless laplacian of the path on n vertices
with conductances ¢y, ...,c,—1 >0, 0 € Q4 (V) and Q,,

n—1

PWk—ZU], C =

€010

W
S et Bt e
1 CkOkOk+1 iy CkOkOk+1

max{i,j}—1 max{i,j}—1

> Rﬁ(xi,xj) = Z #—é Z

CLOLO,
Bl A k=min{i,j}

1

CkOkOk+1

2
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Perturbations of Discrete Elliptic Operators

Example: Single Perturbations on a Path

Consider Q the signless laplacian of the path on n vertices

with conductances ¢y, ...,c,—1 >0, 0 € Q4 (V) and Q,,
n—1
|44
>Wk—Za],C— +Z o H=S "k
€010p 1 CkOkOk+1 7 CkOkOk+1
2

n n—1

n—1
> KGZZLO_W’“LE o? H—Zil
e~ orop1  C =i / = CROkTk+1

ILAS 2013, Providence, RI
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