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4 Where is the Laplacian in the discrete setting?

5 Are there M -matrices around here? Schrödinger operators

6 Why we call Laplacian (or Schrödinger) the main operators on graphs?

7 Discrete Inverse Problems: Dirichlet-to-Neumann maps



Introducing Mimetic Methods

I Boundary Value Problems appears as the state equations for
mathematical physics or engineering problems.

 Their effective solution require some kind of approximation.

I Mimetic Methods model this problems directly on a discrete space
instead of discretizing the equations

I Mimetic Methods are based on vector calculus on weighted graphs.

 Its main ingredients are functions and vector fields, related each
other through discrete difference operators.

I This formulation does not requires highly regular structures. It can be
applied to represent abstract data with irregular interrelationships.

I Ideas come from Algebraic Topology or Differential Geometry.
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Calculus on finite weighted graphs
From Wikipedia, the free encyclopedia

In mathematics, calculus on finite weighted graphs is a dis-
crete calculus for functions whose domain is the vertex set of a
graph with a finite number of vertices and weights associ-
ated to the edges. This involves formulating discrete operators
on graphs which are analogous to differential operators in calcu-
lus, such as graph Laplacians (or discrete Laplace operators)
as discrete versions of the Laplacian, and using these operators
to formulate differential equations, difference equations, or varia-
tional models on graphs which can be interpreted as discrete
versions of partial differential equations or continuum
variational models. Such equations and models are important
tools to mathematically model, analyze, and process discrete in-
formation in many different research fields, e.g., image processing,
machine learning, and network analysis.
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Calculus on finite weighted graphs
From Wikipedia, the free encyclopedia

In , calculus on finite weighted graphs (networks) is a dis-
crete calculus for functions whose domain is the vertex set of a
graph with a finite number of vertices and weights associ-
ated to the edges. This involves formulating discrete operators
on graphs which are analogous to differential operators in calcu-
lus, such as graph Laplacians (or discrete Laplace operators)
as discrete versions of the Laplacian, and using these operators
to formulate differential equations, difference equations, or varia-
tional models on graphs which can be interpreted as discrete
versions of partial differential equations or continuum
variational models. Such equations and models are important
tools to mathematically model, analyze, and process discrete in-
formation in many different research fields, e.g., image processing,
machine learning, and network analysis.

 See more references on Calculus on finite weighted graphs



Graphs
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What is a finite Network?

I Graph Γ = (V,E): V vertices, E edges (both finite )
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What is a finite Network?

I Graph Γ = (V,E): V vertices, E edges (both finite )

I Adjacency: x ∼ y ⇔ {x, y} = exy ∈ E
 V (x) = {y : y ∼ x}
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What is a finite Network?

I Graph Γ = (V,E): V vertices, E edges

x

y

z

t

c(z, t) = 0

c(x,y)

I Conductance: c : V × V −→ [0,+∞) (Sometimes called weight)

1 c(x, x) = 0, x ∈ V
2 c(x, y) = c(y, x), x, y ∈ V (symmetry)

3 c(x, y) > 0 iff {x, y} = exy ∈ E

I (Generalized) Degree: κ(x) =
∑

y∼x
c(x, y) =

∑

y∈V
c(x, y)
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What is a finite Network?

I Connected Network: Γ = (V, c): E =
{
{x, y}∈V × V :c(x, y) > 0

}

x

t

c(x,y)

I Conductance: c : V × V −→ [0,+∞) symmetric and c(x, x) = 0

I (Generalized) Degree: κ(x) =
∑

y∼x
c(x, y) =

∑

y∈V
c(x, y)

I We will always assume that Γ is connected
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Functions on graphs

Connected (finite) graph Γ = (V,E): V vertices, E edges

I Space of functions: C(V ) =
{
u : V −→ R

}
and C(E) =

{
f : E −→ R

}

I Support of u ∈ C(V ): supp(u) =
{
x ∈ V : u(x) 6= 0}

I Space of functions supported by F ⊂ V : C(F ) ≡
{
u : F −→ R

}

I Weights: Ω(V ) =
{
ω ∈ C(V ) : ω(x) > 0, x ∈ V

}

I Integral: Given ν ∈ Ω(V ),

∫

V
u dν =

∫

V
u νdx =

∑

x∈V
u(x)ν(x)

I Inner products in C(V ): ν ∈ Ω(V ),

∫

V
uv dν =

∑

x∈V
u(x)v(x)ν(x)
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Linear Operators on a graph

I Linear Operator: K : C(V ) −→ C(V ) ⇒ K(x, y) = K(εy)(x)

I Kernel: K ∈ C(V × V )⇒ K(u)(x) =

∫

V
K(x, y)u(y)dy, u ∈ C(V )

I If V = {x1, . . . , xn}: funtions ' vectors and kernels ' matrices

I K =



K(x1, x1) · · · K(x1, xn)

...
. . .

...
K(xn, x1) · · · K(xn, xn)


⇔ K(u) = Ku

I K is self-adjoint iff E(u, v) =

∫

V
vK(u)dx =

∫

V
uK(v)dx = E(v, u)
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Linear Operators on a graph

I Linear Operator: K : C(V ) −→ C(V ) ⇒ K(x, y) = K(εy)(x)

I Kernel: K ∈ C(V × V )⇒ K(u)(x) =

∫

V
K(x, y)u(y)dy, u ∈ C(V )

I If V = {x1, . . . , xn}: funtions ' vectors and kernels ' matrices

I K =



K(x1, x1) · · · K(x1, xn)

...
. . .

...
K(xn, x1) · · · K(xn, xn)


⇔ K(u) = Ku

I K self-adjoint ⇔ K is symmetric ⇔ K is symmetric

I K positive semidefinite ⇔ E(u, u) ≥ 0 ⇔ K is positive semidefinite
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Linear Operators on a graph

I Linear Operator: K : C(V ) −→ C(V ) ⇒ K(x, y) = K(εy)(x)

I Kernel: K ∈ C(V × V )⇒ K(u)(x) =

∫

V
K(x, y)u(y)dy, u ∈ C(V )

I Other spaces of functions (taking adjacency into account)

C(Γ) =
{
f : V × V −→ R : f(x, y) = 0, if x 6∼ y

}

C(Γ× Γ) =
{
m : V × V × V −→ R : m(x, y, z) = 0, if x 6∼ y orx 6∼ z

}

...

Andrés M. Encinas (UPC) M-matrices on graphs and their applications VI Jornadas ALAMA 2023. Bcn



What is Potential Theory?

I Potential Theory: Study of harmonic functions; that is,
functions that satisfy the Laplace equation

∂u

∂x2
1

+ · · ·+ ∂u

∂x2
n

= 0

Andrés M. Encinas (UPC) M-matrices on graphs and their applications VI Jornadas ALAMA 2023. Bcn



What is Potential Theory?

I Potential Theory: Study of harmonic functions; that is,
functions that satisfy the Laplace equation

∂u

∂x2
1

+ · · ·+ ∂u

∂x2
n

= 0

or related (elliptic) (Schrödinger) equations

−
( ∂u
∂x2

1

+ · · ·+ ∂u

∂x2
n

)
= f

−
( ∂u
∂x2

1

+ · · ·+ ∂u

∂x2
n

)
+ qu = f

−
n∑

i=1

∂

∂xi

(
kij

n∑

j=1

∂u

∂xj
︸ ︷︷ ︸

∇

)

︸ ︷︷ ︸
div

+qu = f
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What is Potential Theory?

I Potential Theory: Study of harmonic functions; that is,
functions that satisfy the Laplace equation

I 19th-century physics model of the forces of nature
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What is Potential Theory?

I Potential Theory: Study of harmonic functions; that is,
functions that satisfy the Laplace equation

I 19th-century physics model of the forces of nature

I Modern Potential Theory: Is defined in axiomatic terms
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What is Potential Theory?

I Potential Theory: Study of harmonic functions; that is,
functions that satisfy the Laplace equation

I 19th-century physics model of the forces of nature

I Modern Potential Theory: Is defined in axiomatic terms

I The Holy Trinity of Modern Potential Theory

M. Brelot 1903-1987 G. Choquet 1915-2006 J. Deny 1916-2016 Séminaire BCD 1957-1972
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What is Potential Theory?

I Potential Theory: Study of harmonic functions; that is,
functions that satisfy the Laplace equation

I 19th-century physics model of the forces of nature

I Modern Potential Theory: Is defined in axiomatic terms

I Modern Potential Theory: It ts defined in axiomatic terms

Linear aspect Analysis of Kernels

Quadratic aspect Analysis of (semi)-norms

Probability Study of Markov chains
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What is Potential Theory in this setting?

I Locally finite state space case Electrical network

I Finite state space case Finite Electrical network

1 Potentials, identified with vectors

2 Kernels, identified with matrices

3 Resistance inversely proportional to transition probabilities
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Potential Theory on Networks: Some references

1994 1997 2000 2007

2011 2014 2018 2021
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Potential Theory on Networks: Some references

Journal d’Analyse Mathématique 5 (1956), 77-135
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Where is the Laplacian in the discrete setting?

The linear operator L : C(V ) −→ C(V )

L(u)(x) =
∑

y∈V
c(x, y)

(
u(x)− u(y)

)

is called Combinatorial Laplacian and the symmetric bilinear

E(u, v) =
1

2

∫

V×V
c(x, y)

(
u(x)− u(y)

)(
v(x)− v(y)

)
dxdy

is the Energy. Therefore,

E(u, u) =
1

2

∫

V×V
c(x, y)

(
u(x)− u(y)

)2
dxdy
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The main operators on a network: Schrödinger

If q ∈ C(V ), the linear operator Lq : C(V ) −→ C(V )

Lq(u)(x) =
∑

y∈V
c(x, y)

(
u(x)− u(y)

)
+ q(x)u(x)

is called Schrödinger operator with potential q and the symmetric bi-
linear

Eq(u, v) =
1

2

∫

V×V
c(x, y)

(
u(x)−u(y)

)(
v(x)−v(y)

)
dxdy+

∫

V
quvdx

is the Energy. Therefore,

Eq(u, u) =
1

2

∫

V×V
c(x, y)

(
u(x)− u(y)

)2
dxdy +

∫

V
qu2dx
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The main operators on a network: Schrödinger

If q ∈ C(V ), the linear operator Lq : C(V ) −→ C(V )

Lq(u)(x) =
∑

y∈V
c(x, y)

(
u(x)− u(y)

)
+ q(x)u(x)

is called Schrödinger operator with potential q and the symmetric bi-
linear

Eq(u, v) =
1

2

∫

V×V
c(x, y)

(
u(x)−u(y)

)(
v(x)−v(y)

)
dxdy+

∫

V
quvdx

is the Energy. Therefore,

Eq(u, u) =
1

2

∫

V×V
c(x, y)

(
u(x)− u(y)

)2
dxdy +

∫

V
qu2dx

I For which potentials q ∈ C(V ) is Eq positive (semi)-definite?
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Schrödinger operators

If q ∈ C(V ), the linear operator

Lq(u)(x) =
∑

y∈V
c(x, y)

(
u(x)− u(y)

)
+ q(x)u(x)

is called Schrödinger operator with potential q and the bilinear

Eq(u, v) =
1

2

∫

V×V
c(x, y)

(
u(x)−u(y)

)(
v(x)−v(y)

)
dxdy+

∫

V
quvdx

is the Energy

I When Eq(u, u) ≥ 0? When Eq(u, u) = 0?

I

Very easy sufficient condition: q ≥ 0

Eq(u) =
1

2

∫

V×V
c(x, y)

(
u(x)−u(y)

)2
dxdy+

∫

V
qu2dx ≥ 0
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The Laplacian matrix

Let V = {x1, . . . , xn} and Γ = (V,E, c) a connected network where
c(xi, xj) = cij ; i.e., {xi, xj} ∈ E ⇔ cij > 0.

κi =

n∑

j=1

c(xi, xj) is the degree of xi

The irreducible, singular and symmetric M-matrix

L =




κ1 −c12 · · · −c1n−1 −c1n

−c12 κ2 · · · −c2n−1 −c2n
...

...
. . .

...
...

−c1n−1 −c2n−1 · · · κn−1 −cn−1n

−c1n −c2n · · · −cn−1n κn




is called the the (combinatorial) Laplacian matrix of Γ
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Are there M-matrices around here?

Let V = {x1, . . . , xn} and Γ = (V,E, c) a connected network where
c(xi, xj) = cij ; i.e., {xi, xj} ∈ E ⇔ cij > 0.

κi =

n∑

j=1

c(xi, xj) is the degree of xi, qi = q(xi)

The irreducible, singular and symmetric Z-matrix

Lq =




κ1 + q1 −c12 · · · −c1n−1 −c1n

−c12 κ2 + q2 · · · −c2n−1 −c2n
...

...
. . .

...
...

−c1n−1 −c2n−1 · · · κn−1 −cn−1n

−c1n −c2n · · · −cn−1n κn + qn



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Are there M-matrices around here?

Let V = {x1, . . . , xn} and Γ = (V,E, c) a connected network where
c(xi, xj) = cij ; i.e., {xi, xj} ∈ E ⇔ cij > 0.

κi =

n∑

j=1

c(xi, xj) is the degree of xi, qi = q(xi)

The irreducible, singular and symmetric Z-matrix

Lq =




κ1 + q1 −c12 · · · −c1n−1 −c1n

−c12 κ2 + q2 · · · −c2n−1 −c2n
...

...
. . .

...
...

−c1n−1 −c2n−1 · · · κn−1 −cn−1n

−c1n −c2n · · · −cn−1n κn + qn




I Lq is positive semidefinite iff Lq is an M–matrix
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Are there M-matrices around here?

Let V = {x1, . . . , xn} and Γ = (V,E, c) a connected network where
c(xi, xj) = cij ; i.e., {xi, xj} ∈ E ⇔ cij > 0.

κi =

n∑

j=1

c(xi, xj) is the degree of xi, qi = q(xi)

The irreducible, singular and symmetric Z-matrix

Lq =




κ1 + q1 −c12 · · · −c1n−1 −c1n

−c12 κ2 + q2 · · · −c2n−1 −c2n
...

...
. . .

...
...

−c1n−1 −c2n−1 · · · κn−1 −cn−1n

−c1n −c2n · · · −cn−1n κn + qn




I Easy sufficient condition: When q ≥ 0 =⇒ Lq is an d.d. M–matrix
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A bit of Potential Theory: The Energy Principle

I
For which potentials q ∈ C(V ) is the energy Eq positive semidefinite?
And positive definite?

I The Doob potential: qω = −ω−1L(ω), where ω ∈ Ω(V )

I qω(x) = −κ(x) +
1

ω(x)

∑

y∈V
c(x, y)ω(y)
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A bit of Potential Theory: The Energy Principle

I
For which potentials q ∈ C(V ) is the energy Eq positive semidefinite?
And positive definite?

I The Doob potential: qω = −ω−1L(ω), where ω ∈ Ω(V )

I qω(x) = −κ(x) +
1

ω(x)

∑

y∈V
c(x, y)ω(y)

I
Since

∫

V
ωqω dx = 0, qω takes positive and negative values,

except when ω is constant in which case qω = 0 and the corre-
sponding Schrödinger operator coincides with the Laplacian.
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A bit of Potential Theory: The Energy Principle

I
For which potentials q ∈ C(V ) is the energy Eq positive semidefinite?
And positive definite?

I The Doob potential: qω = −ω−1L(ω), where ω ∈ Ω(V )

I qω(x) = −κ(x) +
1

ω(x)

∑

y∈V
c(x, y)ω(y)

I
Since

∫

V
ωqω dx = 0, qω takes positive and negative values,

except when ω is constant in which case qω = 0 and the corre-
sponding Schrödinger operator coincides with the Laplacian.

 For any proper subset F ⊂ V there exists σ ∈ Ω(V ) with σ|F < 0
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The Energy Principle

I Given q ∈ C(V ), assume that there exist σ ∈ Ω(V ) such that q ≥ qσ.
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The Energy Principle

I Given q ∈ C(V ), assume that there exist σ ∈ Ω(V ) such that q ≥ qσ.

The Doob Transform associated with the weight σ is

Lq(u)(x) =
1

σ(x)

∑

y∈V
c(x, y)σ(x)σ(y)

(
u(x)

σ(x)
− u(y)

σ(y)

)

+
(
q(x)− qσ(x)

)
u(x)

Eq(u, u) =
1

2

∫

V×V
c(x, y)σ(x)σ(y)

(
u(x)

σ(x)
− u(y)

σ(y)

)2

dxdy

+

∫

V
(q − qσ)u2dx
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The Energy Principle

I Given q ∈ C(V ), assume that there exist σ ∈ Ω(V ) such that q ≥ qσ.

The Doob Transform associated with the weight σ is

Lq(u)(x) =
1

σ(x)

∑

y∈V
c(x, y)σ(x)σ(y)

(
u(x)

σ(x)
− u(y)

σ(y)

)

+
(
q(x)− qσ(x)

)
u(x)

Eq(u, u) =
1

2

∫

V×V
c(x, y)σ(x)σ(y)

(
u(x)

σ(x)
− u(y)

σ(y)

)2

dxdy

+

∫

V
(q − qσ)u2dx

I Eq is positive semidefinite and definite iff q 6= qσ
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The Energy Principle

I
C(V ) =

{
qω+λ : ω ∈ Ω(V ), λ ∈ R

}
: Given q ∈ C(V ), there

exist unique ω ∈ Ω(V ) and λ ∈ R such that q = qω + λ.
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The Energy Principle

I
C(V ) =

{
qω+λ : ω ∈ Ω(V ), λ ∈ R

}
: Given q ∈ C(V ), there

exist unique ω ∈ Ω(V ) and λ ∈ R such that q = qω + λ.

The Doob Transform associated with the weight ω is

Lq(u)(x) =
1

ω(x)

∑

y∈V
c(x, y)ω(x)ω(y)

(
u(x)

ω(x)
− u(y)

ω(y)

)
+ λu(x)

Eq(u, u) =
1

2

∫

V×V
c(x, y)ω(x)ω(y)

(
u(x)

ω(x)
− u(y)

ω(y)

)2

dxdy+λ

∫

V
u2dx
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The Energy Principle

I
C(V ) =

{
qω+λ : ω ∈ Ω(V ), λ ∈ R

}
: Given q ∈ C(V ), there

exist unique ω ∈ Ω(V ) and λ ∈ R such that q = qω + λ.

The Doob Transform associated with the weight ω is

Lq(u)(x) =
1

ω(x)

∑

y∈V
c(x, y)ω(x)ω(y)

(
u(x)

ω(x)
− u(y)

ω(y)

)
+ λu(x)

Eq(u, u) =
1

2

∫

V×V
c(x, y)ω(x)ω(y)

(
u(x)

ω(x)
− u(y)

ω(y)

)2

dxdy+λ

∫

V
u2dx

I min
〈u,u〉=1

{
Eq(u, u)

}
= λ and Eq(u, u) = λ⇔ u = ±ω

Andrés M. Encinas (UPC) M-matrices on graphs and their applications VI Jornadas ALAMA 2023. Bcn



The Energy Principle

I
C(V ) =

{
qω+λ : ω ∈ Ω(V ), λ ∈ R

}
: Given q ∈ C(V ), there

exist unique ω ∈ Ω(V ) and λ ∈ R such that q = qω + λ.

The Doob Transform associated with the weight ω is

Lq(u)(x) =
1

ω(x)

∑

y∈V
c(x, y)ω(x)ω(y)

(
u(x)

ω(x)
− u(y)

ω(y)

)
+ λu(x)

Eq(u, u) =
1

2

∫

V×V
c(x, y)ω(x)ω(y)

(
u(x)

ω(x)
− u(y)

ω(y)

)2

dxdy+λ

∫

V
u2dx

I Lq(ω) = λω, λ is the lowest eigenvalue of Lq and it is simple
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The Energy Principle

I
C(V ) =

{
qω+λ : ω ∈ Ω(V ), λ ∈ R

}
: Given q ∈ C(V ), there

exist unique ω ∈ Ω(V ) and λ ∈ R such that q = qω + λ.

The Doob Transform associated with the weight ω is

Lq(u)(x) =
1

ω(x)

∑

y∈V
c(x, y)ω(x)ω(y)

(
u(x)

ω(x)
− u(y)

ω(y)

)
+ λu(x)

Eq(u, u) =
1

2

∫

V×V
c(x, y)ω(x)ω(y)

(
u(x)

ω(x)
− u(y)

ω(y)

)2

dxdy+λ

∫

V
u2dx

I Lq(ω) = λω, λ is the lowest eigenvalue of Lq and it is simple

I Eq is positive semidefinite iff λ ≥ 0 and definite iff λ > 0
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Application: Characterization of M–matrices

Let cij ≥ 0, 1 ≤ i < j ≤ n, and the irreducible and symmetric matrix

M =




d1 −c12 · · · −c1n−1 −c1n

−c12 d2 · · · −c2n−1 −c2n
...

...
. . .

...
...

−c1n−1 0 · · · dn−1 −cn−1n

−c1n 0 · · · −cn−1n dn



.

I For which values d1, . . . , dn > 0 is M an M–matrix?
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Application: Characterization of M–matrices

Let cij ≥ 0, 1 ≤ i < j ≤ n, and the irreducible and symmetric matrix

M =




d1 −c12 · · · −c1n−1 −c1n

−c12 d2 · · · −c2n−1 −c2n
...

...
. . .

...
...

−c1n−1 0 · · · dn−1 −cn−1n

−c1n 0 · · · −cn−1n dn



.

I For which values d1, . . . , dn > 0 is M an M–matrix?

I

M is an M–matrix iff there exists ω ∈ Ω(V ) and λ ≥ 0 such that

di = λ+
1

ωi

n∑

j=1

cijωj .

Moreover, M is invertible iff λ > 0.
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Application: Characterization of M–matrices

Let cij ≥ 0, 1 ≤ i < j ≤ n, and the irreducible and symmetric matrix

M =




d1 −c12 · · · −c1n−1 −c1n

−c12 d2 · · · −c2n−1 −c2n
...

...
. . .

...
...

−c1n−1 0 · · · dn−1 −cn−1n

−c1n 0 · · · −cn−1n dn



.

I For which values d1, . . . , dn > 0 is M an M–matrix?

I

M is an M–matrix iff there exists ω ∈ Ω(V ) and λ ≥ 0 such that

di = λ+
1

ωi

n∑

j=1

cijωj .

Moreover, M is invertible iff λ > 0. Equivalently, iff there exists

σ ∈ Ω(V ) such that di ≥
1

σi

n∑

j=1

cijσj
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Application: Normalized Laplacian

I ∆(u)(x) =
1√
κ(x)

∑

y∈V
c(x, y)

(
u(x)√
κ(x)

− u(y)√
κ(y)

)

 Introduced in Popularized in

F.R.K. Chung & S.T. Yau
Discrete Green’s functions,
91, 191-214 (2000)
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Application: Normalized Laplacian

I ∆(u)(x) =
1√
κ(x)

∑

y∈V
c(x, y)

(
u(x)√
κ(x)

− u(y)√
κ(y)

)

 Introduced in Popularized in

F.R.K. Chung & S.T. Yau
Discrete Green’s functions,
91, 191-214 (2000)

F.R. Chung 1949- S.T. Yau 1949-
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Application: Normalized Laplacian

I ∆(u)(x) =
1√
κ(x)

∑

y∈V
c(x, y)

(
u(x)√
κ(x)

− u(y)√
κ(y)

)

 Introduced in Popularized in

F.R.K. Chung & S.T. Yau
Discrete Green’s functions,
91, 191-214 (2000)

' 900 citations for normalized laplacian
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Application: Normalized Laplacian

I ∆(u)(x) =
1√
κ(x)

∑

y∈V
c(x, y)

(
u(x)√
κ(x)

− u(y)√
κ(y)

)

 Introduced in Popularized in

F.R.K. Chung & S.T. Yau
Discrete Green’s functions,
91, 191-214 (2000)

' 900 citations for normalized laplacian

I Consider the network Γ̂ = (V,E, ĉ ) where ĉ =
c(x, y)√
κ(x)

√
κ(y)
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Application: Normalized Laplacian

I ∆(u)(x) =
1√
κ(x)

∑

y∈V
c(x, y)

(
u(x)√
κ(x)

− u(y)√
κ(y)

)

 Introduced in Popularized in

F.R.K. Chung & S.T. Yau
Discrete Green’s functions,
91, 191-214 (2000)

' 900 citations for normalized laplacian

I Consider the network Γ̂ = (V,E, ĉ ) where ĉ =
c(x, y)√
κ(x)

√
κ(y)

I ∆ = L̂qω where ω = 1
vol(Γ)

√
κ and vol(Γ) =

∑
x∈V

κ(x)
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The main operator on a network: The Laplacian

The linear operator L : C(V ) −→ C(V )

L(u)(x) =
∑

y∈V
c(x, y)

(
u(x)− u(y)

)

is called Combinatorial Laplacian and the symmetric bilinear

E(u, v) =
1

2

∫

V×V
c(x, y)

(
u(x)− u(y)

)(
v(x)− v(y)

)
dxdy

is the Energy. Therefore,

E(u, u) =
1

2

∫

V×V
c(x, y)

(
u(x)− u(y)

)2
dxdy

The matrix L is called the the (combinatorial) Laplacian matrix of Γ

 Why L and L are called Laplacian?
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Difference Schemes

I Differential operator: L(u) = −
(
k1uxx + k2uyy

)
, k1, k2 > 0

I Stencil: Sh(x) =
{
x1, x2, x3, x4

}

I Five Points Formula:

Lh(u)(x)=
1

h2

[
k1

(
2u(x)− u(x1)− u(x3)

)
+k2

(
2u(x)− u(x2)− u(x4)

)
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Difference Schemes

I Differential operator: L(u) = −
(
k1uxx + k2uyy

)
, k1, k2 > 0

I Stencil: Sh(x) =
{
x1, x2, x3, x4

}

I Five Points Formula:

Lh(u)(x) =
k1

h2

(
u(x)− u(x1)

)
+
k2

h2

(
u(x)− u(x2)

)

+
k2

h2

(
u(x)− u(x3)

)
+
k2

h2

(
u(x)− u(x4)

)
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The Laplacian matrix

Let the irreducible and symmetric matrix

L =




κ1 −c12 · · · −c1n−1 −c1n

−c12 κ2 · · · −c2n−1 −c2n
...

...
. . .

...
...

−c1n−1 0 · · · κn−1 −cn−1n

−c1n 0 · · · −cn−1n κn



∈M|V |×|V |(R)

I Consider C =
(
c(e)

)
∈M|E|×|E|(R) the conductance matrix

IConsider an arbitrary orientation on Γ

c(e)
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The Laplacian matrix

Let the irreducible and symmetric matrix

L =




κ1 −c12 · · · −c1n−1 −c1n

−c12 κ2 · · · −c2n−1 −c2n
...

...
. . .

...
...

−c1n−1 0 · · · κn−1 −cn−1n

−c1n 0 · · · −cn−1n κn



∈M|V |×|V |(R)

I Consider C =
(
c(e)

)
∈M|E|×|E|(R) the conductance matrix

I Consider an arbitrary orientation on Γ

Incidence
Matrix

x y z w

e→

ê→




1 0 · · · −1 0 0
...

...
...

...
...

...
−1 0 · · · 0 1 0


 = K ∈M|E|×|V |(R)
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The Laplacian matrix

Let the irreducible and symmetric matrix

L =




κ1 −c12 · · · −c1n−1 −c1n

−c12 κ2 · · · −c2n−1 −c2n
...

...
. . .

...
...

−c1n−1 0 · · · κn−1 −cn−1n

−c1n 0 · · · −cn−1n κn



∈M|V |×|V |(R)

I Consider C =
(
c(e)

)
∈M|E|×|E|(R) the conductance matrix

I Consider an arbitrary orientation on Γ and K ∈M|E|×|V |(R)

its incidence matrix =⇒ L = K>C K

x y z w


1 0 · · · −1 0 0
...

...
...

...
...

...
−1 0 · · · 0 1 0






u(x)

...
u(w)


 =



u(x)− u(z)

...
u(w)− u(x)



← e

← ê
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The Laplacian matrix

Let the irreducible and symmetric matrix

L =




κ1 −c12 · · · −c1n−1 −c1n

−c12 κ2 · · · −c2n−1 −c2n
...

...
. . .

...
...

−c1n−1 0 · · · κn−1 −cn−1n

−c1n 0 · · · −cn−1n κn



∈M|V |×|V |(R)

I Consider C =
(
c(e)

)
∈M|E|×|E|(R) the conductance matrix

I Consider an arbitrary orientation on Γ and K ∈M|E|×|V |(R)

I The Laplacian satisfies that L = K>︸︷︷︸
div

−∇︷ ︸︸ ︷
C K︸︷︷︸
−d

I If u ∈ R|V | ≡ C(V ) =⇒ Lu = −div
(
∇(u)

)
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Back to Mimetic Methods

Mimetic Methods are based on vector calculus on weighted graphs.

 Its main ingredients are functions and vector fields, related each

other through discrete difference operators.
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Back to Mimetic Methods

Mimetic Methods are based on vector calculus on weighted graphs.

 Its main ingredients are functions and vector fields, related each

other through discrete difference operators.

I How do we manage to define vector fields ?
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Back to Mimetic Methods

Mimetic Methods are based on vector calculus on weighted graphs.

 Its main ingredients are functions and vector fields, related each

other through discrete difference operators.

I How do we manage to define vector fields ?

 C(E) =
{
f : E −→ R

}
, functions on the edge set, E ?
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Back to Mimetic Methods

Mimetic Methods are based on vector calculus on weighted graphs.

 Its main ingredients are functions and vector fields, related each

other through discrete difference operators.

I How do we manage to define vector fields ?

 C(E) =
{
f : E −→ R

}
, functions on the edge set, E ?

I Which operator F : C(V ) −→ C(E) does play the role of the gradient ?

I Which operator K : C(E) −→ C(V ) does mimetize the divergence ?
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Back to Mimetic Methods

Mimetic Methods are based on vector calculus on weighted graphs.

 Its main ingredients are functions and vector fields, related each

other through discrete difference operators.

I How do we manage to define vector fields ?

 C(E) =
{
f : E −→ R

}
, functions on the edge set, E ?

I Which operator F : C(V ) −→ C(E) does play the role of the gradient ?

I Which operator K : C(E) −→ C(V ) does mimetize the divergence ?

I Is there curl, H : C(E) −→ C(E) ?
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Back to Mimetic Methods

Mimetic Methods are based on vector calculus on weighted graphs.

 Its main ingredients are functions and vector fields, related each

other through discrete difference operators.

I How do we manage to define vector fields ?

 C(E) =
{
f : E −→ R

}
, functions on the edge set, E ?

I Which operator F : C(V ) −→ C(E) does play the role of the gradient ?

I Which operator K : C(E) −→ C(V ) does mimetize the divergence ?

I Is there curl, H : C(E) −→ C(E) ?

I If they exist, do these operators mimetize the differential ones ?

K = −F∗, H∗ = H, K ◦ F = Laplacian, H ◦ F = 0, K ◦ H = 0

Andrés M. Encinas (UPC) M-matrices on graphs and their applications VI Jornadas ALAMA 2023. Bcn



Our proposal: The Tangent space

x

Γ
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Our proposal: The Tangent space

x

x

Tx(Γ)

Γ

exy y
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Our proposal: The Tangent space

x

x

Tx(Γ)

Γ

exy y
I Basis of Tx(Γ) : Ex = {exy : y ∼ x}

I Dimension of Tx(Γ) : |Ex| = k(x)
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Our proposal: The Tangent space

x

x

Tx(Γ)

Γ

exy y
I Basis of Tx(Γ) : Ex = {exy : y ∼ x}

I Dimension of Tx(Γ) : |Ex| = k(x)

I Γ doesn’t have to be regular

I An orientation is not necessary
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Vector fields on a finite graph

I Vector field: f : V −→ ⋃
x∈V

Tx(Γ) such that f(x) ∈ Tx(Γ)

I Space of vector fields: X (Γ)

I Component function: f(x) =
∑

y∼x
f(x, y)exy, f ∈ C(Γ)
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Vector fields on a finite graph

I Vector field: f : V −→ ⋃
x∈V

Tx(Γ) such that f(x) ∈ Tx(Γ)

I Space of vector fields: X (Γ)

I Component function: f(x) =
∑

y∼x
f(x, y)exy, f ∈ C(Γ)

F Basic decomposition: f = fs + fa

f s(x, y) =
1

2

(
f(x, y) + f(y, x)

)
, fa(x, y) =

1

2

(
f(x, y)− f(y, x)

)

I f is a flow: f(x, y) = −f(y, x), x, y ∈ V

I f is a symmetric field: f(x, y) = f(y, x), x, y ∈ V
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Vector fields on a finite graph

I Vector field: f : V −→ ⋃
x∈V

Tx(Γ) such that f(x) ∈ Tx(Γ)

I Space of vector fields: X (Γ)

I Component function: f(x) =
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y∼x
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F Basic decomposition: f = fs + fa

f s(x, y) =
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2

(
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)
, fa(x, y) =
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2
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I f is a flow: f(x, y) = −f(y, x), x, y ∈ V

I f is a symmetric field: f(x, y) = f(y, x), x, y ∈ V
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Vector fields on a finite graph

I Vector field: f : V −→ ⋃
x∈V

Tx(Γ) such that f(x) ∈ Tx(Γ)

I Space of vector fields: X (Γ)

I Component function: f(x) =
∑

y∼x
f(x, y)exy, f ∈ C(Γ)

F Basic decomposition: f = fs + fa =⇒ X (Γ) = X s(Γ)⊕X a(Γ)

I dimX s(Γ) = dimX a(Γ) = |E| and X s(Γ) ' C(E)
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Vector fields on a finite graph

I Vector field: f : V −→ ⋃
x∈V

Tx(Γ) such that f(x) ∈ Tx(Γ)

I Space of vector fields: X (Γ)

I Component function: f(x) =
∑

y∼x
f(x, y)exy, f ∈ C(Γ)

F Basic decomposition: f = fs + fa =⇒ X (Γ) = X s(Γ)⊕X a(Γ)

I Given f ∈ X (Γ), g ∈ X (Γ), (f, g)(x) =
∑
y∈V

f(x, y)g(x, y), x ∈ V
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Vector fields on a finite graph

I Vector field: f : V −→ ⋃
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Tx(Γ) such that f(x) ∈ Tx(Γ)

I Space of vector fields: X (Γ)

I Component function: f(x) =
∑

y∼x
f(x, y)exy, f ∈ C(Γ)

F Basic decomposition: f = fs + fa =⇒ X (Γ) = X s(Γ)⊕X a(Γ)

I Given f ∈ X (Γ), g ∈ X (Γ), (f, g)(x) =
∑
y∈V

f(x, y)g(x, y), x ∈ V

I Inner product in X (Γ): For any f, g ∈ X (Γ)

1

2

∫

V
(f, g) dx =

1

2

∑

x∈V

∑

y∈V
f(x, y)g(x, y)
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Matrix fields on a graph

I Matrix field: M : V −→ ⋃
x∈V
Mk(x)(R) such that M(x) ∈Mk(x)(R)

I Component function: M(x) =
(
m(x, y, z)

)
y∼x
z∼x

, m ∈ C(Γ× Γ)

I M is symmetric, diagonal, invertible or positive definite when
M(x) is symmetric, diagonal, invertible or positive definite
for any x ∈ V

I M is diagonal iff m(x, y, z) = 0 when z 6= y (⇔ m ∈ C(Γ))

I Field of metrics or Metric: M is symmetric and positive definite

I M invertible ⇒ M−1 is defined as M−1(x) =
(
M(x)

)−1
, x ∈ V

I Given M and f ∈ X (Γ) ⇒ Mf ∈ X (Γ) is defined as
(Mf)(x) = M(x)f(x), x ∈ V

I Its component function is g(x, y) =
∑

z∈V
m(x, y, z)f(x, z)
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First order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Inner products on C(V ) and X (Γ):

∫

V
uvdν and

1

2

∫

V
(f, g)dx

xx

Tx(Γ)

Γ
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First order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Inner products on C(V ) and X (Γ):

∫

V
uvdν and

1

2

∫

V
(f, g)dx

xx

Tx(Γ)

Γ

F Derivative d : C(V ) −→ X (Γ) =⇒ du(x) =
∑

y∼x

(
u(y)− u(x)

)
exy

Andrés M. Encinas (UPC) M-matrices on graphs and their applications VI Jornadas ALAMA 2023. Bcn



First order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Inner products on C(V ) and X (Γ):

∫

V
uvdν and

1

2

∫

V
(f, g)dx

xx

Tx(Γ)

Γ

F Derivative d : C(V ) −→ X (Γ) =⇒ du(x) =
∑

y∼x

(
u(y)− u(x)

)
exy

F Divergence div : X (Γ) −→ C(V ) =⇒ div = −d∗

∫

V
u div (f)dν = −1

2

∫

V
(du, f)dx, u ∈ C(V )
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First order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Inner products on C(V ) and X (Γ):

∫

V
uvdν and

1

2

∫

V
(f, g)dx

xx

Tx(Γ)

Γ

F Derivative d : C(V ) −→ X (Γ) =⇒ du(x) =
∑

y∼x

(
u(y)− u(x)

)
exy

F Divergence div : X (Γ) −→ C(V ) =⇒ div = −d∗

div (f)(x) =
1

ν(x)

∑

y∈V
fa(x, y)
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First order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Inner products on C(V ) and X (Γ):

∫

V
uvdν and

1

2

∫

V
(f, g)dx

xx

Tx(Γ)

Γ

F Derivative d : C(V ) −→ X (Γ) =⇒ du(x) =
∑

y∼x

(
u(y)− u(x)

)
exy

F Divergence div : X (Γ) −→ C(V ) =⇒ div = −d∗

div (f)(x) =
1

ν(x)

∑

y∈V
fa(x, y) =

1

2ν(x)

∑

y∼x

(
f(x, y)− f(y, x)

)
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First order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Inner products on C(V ) and X (Γ):

∫

V
uvdν and

1

2

∫

V
(f, g)dx

xx

Tx(Γ)

Γ

F Derivative d : C(V ) −→ X (Γ)

F Given f a vector field, F : C(V ) −→ C(V ), F(u) = (f, du)
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First order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Inner products on C(V ) and X (Γ):

∫

V
uvdν and

1

2

∫

V
(f, g)dx

xx

Tx(Γ)

Γ

F Derivative d : C(V ) −→ X (Γ)

F Given M a matrix field, d
M

: C(V ) −→ X (Γ), d
M

(u) = Md(u)

 When M is symmetric and positive definite, d
M

is the gradient

for the metric G = M−1 =⇒ ∇
G

1

µ
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First order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Inner products on C(V ) and X (Γ):

∫

V
uvdν and

1

2

∫

V
(f, g)dx

xx

Tx(Γ)

Γ

F Derivative d : C(V ) −→ X (Γ)

F Given M a matrix field, d
M

: C(V ) −→ X (Γ), d
M

(u) = Md(u)

 When M is symmetric and positive definite, d
M

is the gradient

for the metric G = M−1 =⇒ ∇
G

1

µ
 curl : X (Γ) −→ X (Γ), curl (f) =

(
Gf
)s
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First order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Metric on Γ: G

I Inner products on C(V ) and X (Γ):

∫

V
uvdν and

1

2

∫

V
(f,Gg)dx

I Derivative of u ∈ C(V ): d(u) ∈ X a(Γ)

I Gradient of u ∈ C(V ), respect to G : ∇
G
(u) = G−1d(u)

I Divergence of f ∈ X (Γ): div (f)(x) = ν(x)−1
∑
y∈V

fa(x, y)

I Curl of f ∈ X (Γ): curl (f) = (Gf)s
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First order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Metric on Γ: G

I Inner products on C(V ) and X (Γ):

∫

V
uvdν and

1

2

∫

V
(f,Gg)dx

I Derivative of u ∈ C(V ): d(u) ∈ X a(Γ)

I Gradient of u ∈ C(V ), respect to G : ∇
G
(u) = G−1d(u)

I Divergence of f ∈ X (Γ): div (f)(x) = ν(x)−1
∑
y∈V

fa(x, y)

I Curl of f ∈ X (Γ): curl (f) = (Gf)s

F Mimetic properties:

div = −∇∗
G
, div ◦ curl = 0, curl ◦ ∇

G
= 0, curl ∗ = curl
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First order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Metric on Γ: G

I Inner products on C(V ) and X (Γ):

∫

V
uvdν and

1

2

∫

V
(f,Gg)dx

I Derivative of u ∈ C(V ): d(u) ∈ X a(Γ)

I Gradient of u ∈ C(V ), respect to G : ∇
G
(u) = G−1d(u)

I Divergence of f ∈ X (Γ): div (f)(x) = ν(x)−1
∑
y∈V

fa(x, y)

I Curl of f ∈ X (Γ): curl (f) = (Gf)s

F Mimetic properties: De Rham’s complex:

0
0
↪→ C(V )

∇
G−→ X (Γ)

curl−→ X (Γ)
div−→ C(V )

0−→ 0
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Second order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Metric on Γ: G and m ∈ C(Γ× Γ) the component of G−1

I Gradient of u ∈ C(V ): d(u) ∈ X a(Γ) and ∇(u) = G−1d(u)

I Divergence of f ∈ X (Γ): div (f)(x) =
1

ν(x)

∑

y∈V
fa(x, y)
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Second order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Metric on Γ: G and m ∈ C(Γ× Γ) the component of M = G−1

I Gradient of u ∈ C(V ): d(u) ∈ X a(Γ) and ∇(u) = G−1d(u)

I Divergence of f ∈ X (Γ): div (f)(x) =
1

ν(x)

∑

y∈V
fa(x, y)

F Laplace-Beltrami: ∆: C(V ) −→ C(V ), ∆ = −div ◦ ∇
or more generally L(u) = −div

(
Md(u)

)
for a symmetric matrix field M
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Second order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

I Metric on Γ: G and m ∈ C(Γ× Γ) the component of M = G−1

I Gradient of u ∈ C(V ): d(u) ∈ X a(Γ) and ∇(u) = G−1d(u)

I Divergence of f ∈ X (Γ): div (f)(x) =
1

ν(x)

∑

y∈V
fa(x, y)

F Laplace-Beltrami: ∆: C(V ) −→ C(V ), ∆ = −div ◦ ∇
or more generally L(u) = −div

(
Md(u)

)
for a symmetric matrix field M

L(u)(x) =
1

ν(x)

∑

y∈V
cccccccccccccc(x, y)

(
u(x)− u(y)

)
, x ∈ V

where c(x, x) = 0, x ∈ V and for x, y ∈ V with x 6= y,

cccccccccccccc(x, y) =
1

2

∑

z∈V

[
m(x, y, z) +m(y, x, z)−m(z, x, y)

]
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Elliptic second order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

F L(u) = −div
(
Md(u)

)
for a symmetric matrix field M

I L(u)(x) =
1

ν(x)

∑

y∈V
c(x, y)

(
u(x)− u(y)

)
, x ∈ V

I c(x, y) =
1

2

∑

z∈V

[
m(x, y, z) +m(y, x, z)−m(z, x, y)

]

1 c is symmetric: c(x, y) = c(y, x)

2 c(x, y) = 0 if d(x, y) > 2

3 c(x, y) = −1
2

∑

z∈V
µ(z)m(z, x, y) if d(x, y) = 2

4 c(x, y) = 1
2

∑

z∈V

[
m(x, y, z) +m(y, x, z)

]
if

d(x, y) = 1 and x, y don’t belong to any triangle

Andrés M. Encinas (UPC) M-matrices on graphs and their applications VI Jornadas ALAMA 2023. Bcn



Elliptic second order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

F L(u) = −div
(
Md(u)

)
for a symmetric matrix field M

I L(u)(x) =
1

ν(x)

∑

y∈V
c(x, y)

(
u(x)− u(y)

)
, x ∈ V

I c(x, y) =
1

2

∑

z∈V

[
m(x, y, z) +m(y, x, z)−m(z, x, y)

]

Andrés M. Encinas (UPC) M-matrices on graphs and their applications VI Jornadas ALAMA 2023. Bcn



Elliptic second order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

F L(u) = −div
(
Md(u)

)
for a symmetric matrix field M

I L(u)(x) =
1

ν(x)

∑

y∈V
c(x, y)

(
u(x)− u(y)

)
, x ∈ V

I c(x, y) =
1

2

∑

z∈V

[
m(x, y, z) +m(y, x, z)−m(z, x, y)

]

Andrés M. Encinas (UPC) M-matrices on graphs and their applications VI Jornadas ALAMA 2023. Bcn



Elliptic second order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

F L(u) = −div
(
Md(u)

)
for a symmetric matrix field M

I L(u)(x) =
1

ν(x)

∑

y∈V
c(x, y)

(
u(x)− u(y)

)
, x ∈ V

I c(x, y) =
1

2

∑

z∈V

[
m(x, y, z) +m(y, x, z)−m(z, x, y)

]

Andrés M. Encinas (UPC) M-matrices on graphs and their applications VI Jornadas ALAMA 2023. Bcn



Elliptic second order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

F L(u) = −div
(
Md(u)

)
for a symmetric matrix field M

I L(u)(x) =
1

ν(x)

∑

y∈V
c(x, y)

(
u(x)− u(y)

)
, x ∈ V

I c(x, y) =
1

2

∑

z∈V

[
m(x, y, z) +m(y, x, z)−m(z, x, y)

]

I Given u, v ∈ C(V ),
∫

V
uL(v)dν =

∫

V×V
c(x, y)

(
u(x)− u(y)

)(
v(x)− v(y)

)
dxdy

 L is self-adjoint:

∫

V
uL(v)dν =

∫

V
vL(u)dν
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Elliptic second order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

F L(u) = −div
(
Md(u)

)
for a symmetric matrix field M

I L(u)(x) =
1

ν(x)

∑

y∈V
c(x, y)

(
u(x)− u(y)

)
, x ∈ V

I c(x, y) =
1

2

∑

z∈V

[
m(x, y, z) +m(y, x, z)−m(z, x, y)

]

I Given u ∈ C(V ),

∫

V
uL(u)dν =

∫

V×V
c(x, y)

(
u(x)− u(y)

)2
dxdy
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Elliptic second order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

F L(u) = −div
(
Md(u)

)
for a symmetric matrix field M

I L(u)(x) =
1

ν(x)

∑

y∈V
c(x, y)

(
u(x)− u(y)

)
, x ∈ V

I c(x, y) =
1

2

∑

z∈V

[
m(x, y, z) +m(y, x, z)−m(z, x, y)

]

I Given u ∈ C(V ),

∫

V
uL(u)dν =

∫

V×V
c(x, y)

(
u(x)− u(y)

)2
dxdy

 Semi-Ellipticity: When

∫

V
uL(u)dν ≥ 0 ?

 Ellipticity: When

∫

V
uL(u)dν = 0 implies u constant ?
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Elliptic second order operators

I Connected graph Γ = (V,E) and weight ν ∈ Ω(V )

F L(u) = −div
(
Md(u)

)
for a symmetric matrix field M

I L(u)(x) =
1

ν(x)

∑

y∈V
c(x, y)

(
u(x)− u(y)

)
, x ∈ V

I c(x, y) =
1

2

∑

z∈V

[
m(x, y, z) +m(y, x, z)−m(z, x, y)

]

I Given u ∈ C(V ),

∫

V
uL(u)dν =

∫

V×V
c(x, y)

(
u(x)− u(y)

)2
dxdy

 Semi-Ellipticity: When

∫

V
uL(u)dν ≥ 0 ?

 Ellipticity: When

∫

V
uL(u)dν = 0 implies u constant ?

I Semi-ellipticity when M(x) is a d.d. M -matrix for any x ∈ V
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Boundary of a set

Consider a Graph Γ = (V,E): V vertices, E edges

Consider F ⊂ V a non–empty set
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Boundary of a set

Consider a Graph Γ = (V,E): V vertices, E edges

Consider F ⊂ V a non–empty set

F
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Boundary of a set

Consider a Graph Γ = (V,E): V vertices, E edges

Consider F ⊂ V a non–empty set

F

◦
F =

{
x ∈ F : V (x) ⊂ F

}
interior of F

δ(F ) =
{
x ∈ F c : F ∩ V (x) 6= ∅

}
boundary of F

δ(F c) = F\
◦
F interior boundary of F

F̄ = F ∪ δ(F ) closure of F
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Boundary of a set

Consider a Graph Γ = (V,E): V vertices, E edges

Consider F ⊂ V a non–empty set

F

◦
F =

{
x ∈ F : V (x) ⊂ F

}
interior of F

δ(F ) =
{
x ∈ F c : F ∩ V (x) 6= ∅

}
boundary of F

δ(F c) = F\
◦
F interior boundary of F

F̄ = F ∪ δ(F ) closure of F
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Boundary of a set

Consider a Graph Γ = (V,E): V vertices, E edges

Consider F ⊂ V a non–empty set

F

TOPES

caros

TOPES

19009
19009

TOMO

◦
F =

{
x ∈ F : V (x) ⊂ F

}
interior of F

δ(F ) =
{
x ∈ F c : F ∩ V (x) 6= ∅

}
boundary of F

δ(F c) = F\
◦
F interior boundary of F

F̄ = F ∪ δ(F ) closure of F
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Boundary of a set

Consider a Graph Γ = (V,E): V vertices, E edges

Consider F ⊂ V a non–empty set

F

δ(F )

◦
F =

{
x ∈ F : V (x) ⊂ F

}
interior of F

δ(F ) =
{
x ∈ F c : F ∩ V (x) 6= ∅

}
boundary of F

F̄ = F ∪ δ(F ) closure of F
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Boundary of a set

Consider a Graph Γ = (V,E): V vertices, E edges

Consider F ⊂ V a non–empty set

F

δ(F )

◦
F =

{
x ∈ F : V (x) ⊂ F

}
interior of F

δ(F ) =
{
x ∈ F c : F ∩ V (x) 6= ∅

}
boundary of F

F̄ = F ∪ δ(F ) closure of F

I Delete the vertices not in F̄ and the edges whose both extremes
are out of F . In the sequel c ≡ c · χ

(F̄×F̄ )\(δ(F )×δ(F ))
.
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Boundary of a set

Consider a Network Γ = (V,E, c): V vertices, E edges

Consider F ⊂ V a non–empty set

F

δ(F )

◦
F =

{
x ∈ F : V (x) ⊂ F

}
interior of F

δ(F ) =
{
x ∈ F c : F ∩ V (x) 6= ∅

}
boundary of F

F̄ = F ∪ δ(F ) closure of F

I Delete the vertices not in F̄ and the edges whose both extremes
are out of F . In the sequel c ≡ c · χ

(F̄×F̄ )\(δ(F )×δ(F ))
when F is fixed.
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Normal vector field

Consider a Graph Γ = (V,E): V vertices, E edges

Consider F ⊂ V a non–empty set and χF its characteristic function

F

F̄

x

Normal vector field to F : nF = −dχF
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Normal vector field

Consider a Graph Γ = (V,E): V vertices, E edges

Consider F ⊂ V a non–empty set and χF its characteristic function

F

F̄

x

Normal vector field to F : nF = −dχF

and hence dχF (x) =
∑
y∼x

(
χF (y)− χF (x)

)
exy

 nF (x, y) =





−1, when x ∼ y and (x, y) ∈ δ(F )× δ(F c)
1, when x ∼ y and (x, y) ∈ δ(F c)× δ(F )

0, otherwise
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Normal vector field

Consider a Graph Γ = (V,E): V vertices, E edges

Consider F ⊂ V a non–empty set and χF its characteristic function

F

F̄

x

Normal vector field to F : nF = −dχF

 nF (x, y) =





−1, when x ∼ y and (x, y) ∈ δ(F )× δ(F c)
1, when x ∼ y and (x, y) ∈ δ(F c)× δ(F )

0, otherwise
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Normal vector field

Consider a Graph Γ = (V,E): V vertices, E edges

Consider F ⊂ V a non–empty set and χF its characteristic function

F

F̄

x

Normal vector field to F : nF = −dχF

 nF (x, y) =





−1, when x ∼ y and (x, y) ∈ δ(F )× δ(F c)
1, when x ∼ y and (x, y) ∈ δ(F c)× δ(F )

0, otherwise

I nF is a flow, n
Fc

= −nF and supp(nF ) = δ(F ) ∪ δ(F c)
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Schrödinger operators and normal derivatives

Let q ∈ C(F̄ ), then

Lq(u)(x) =
∑

y∈F̄

c(x, y)
(
u(x)− u(y)

)
+ q(x)u(x)

is called Schrödinger operator with potencial q, whereas

∂u

∂nF
(x) = (nF ,∇u) =

∑

y∈F
c(x, y)

(
u(x)− u(y)

)
, x ∈ δ(F )

is called normal derivative.

F

F̄

x
F

F̄

x
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Green Identities

Let q ∈ C(F̄ ) and u, v ∈ C(F̄ )

First Green Identity∫

F
vLq(u) dx =

1

2

∫

F̄×F̄
c(x, y)

(
u(x)− u(y)

)(
v(x)− v(y)

)
dxdy

+

∫

F
quv dx−

∫

δ(F )
v
∂u

∂nF
dx

Second Green Identity∫

F

[
vLq(u)− uLq(v)

]
dx =

∫

δ(F )

[
u
∂v

∂nF
− v ∂u

∂nF

]
dx

Gauss’ Theorem∫

F
L(u)dx = −

∫

δ(F )

∂u

∂nF
dx
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Self–Adjoint Boundary Value Problems

Let δ(F ) = H1 ∪H2 a partition, q ∈ C(F ∪H1), g ∈ C(F ), g1 ∈ C(H1)
and g2 ∈ C(H2). A boundary value problem on F consists on
finding u ∈ C(F̄ ) such that

Lq(u) = g on F ,
∂u

∂nF
+ qu = g1 on H1 and u = g2 on H2

It is generically called Dirichlet–Robin Problem

Dirichlet Problem ∅ 6= H2 = δ(F )

Robin Problem ∅ 6= H1 = δ(F ) and q 6= 0 on H1

Neumann Problem ∅ 6= H1 = δ(F ) and q = 0 on H1

Dirichlet–Neumann Problem H1, H2 6= ∅ and q = 0 on H1

Poisson equation H1, H2 = ∅
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Inverse Problems

I Appear in the literature in the 80’s to solve a geophysical
electrical prospection problem.

surface electrodes

monitoring station

borehole electrodes

borehole

Andrés M. Encinas (UPC) M-matrices on graphs and their applications VI Jornadas ALAMA 2023. Bcn



Inverse Problems

I Appear in the literature in the 80’s to solve a geophysical
electrical prospection problem.

I They have several practical applications such as Electrical
Impedance Tomography

EIT device

surface electrodes

˜

current injection

V voltage

Andrés M. Encinas (UPC) M-matrices on graphs and their applications VI Jornadas ALAMA 2023. Bcn



Inverse Problems

I Appear in the literature in the 80’s to solve a geophysical
electrical prospection problem.

I They have several practical applications such as Electrical
Impedance Tomography

I Have been extensively studied in the continuous field; in the
discrete setting they are more recent
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Inverse Problems

I Appear in the literature in the 80’s to solve a geophysical
electrical prospection problem.

I They have several practical applications such as Electrical
Impedance Tomography

I Have been extensively studied in the continuous field; in the
discrete setting they are more recent

I Can be divided into several parts:

Identifiability: Inyectivity of the inverse map.

Stability: Continuity of the inverse map.

Characterization: Range of the inverse map.

Reconstruction: Recovering formula of the conductance
and/or numerical algorithms to approximate the conductance.
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Inverse Problems

I Objective: To recover the conductivity function (unknown)

I Objective:

using only boundary measurements and global

I Objective:

equilibrium conditions

I Dificulty: This problem is exponentially ill–posed. It is highly

I Dificulty:

sensitive to changes in the boundary data

I What we do: Find situations where the recovery is feasible
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Dirichlet-to-Neumann Map

Let F ⊂ V be a proper connected subset. For any g ∈ δ(F ), consider
the Dirichlet problem

L(u) = 0 on F , u = g on δ(F )
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Dirichlet-to-Neumann Map

Let F ⊂ V be a proper connected subset. For any g ∈ δ(F ), consider
the Dirichlet problem

L(u) = 0 on F , u = g on δ(F )

I There exists a unique solution ug ∈ C(F̄ )

I

The map Λ: C(δ(F )) −→ C(δ(F )), defined as

Λ(g) =
∂ug
∂nF

is the D-to-N map. Its kernel N : δ(F )× δ(F ) −→ R is the Re-
sponse kernel (matrix) of the set F̄ .
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Dirichlet-to-Neumann Map

Let F ⊂ V be a proper connected subset. For any g ∈ δ(F ), consider
the Dirichlet problem

L(u) = 0 on F , u = g on δ(F )

I There exists a unique solution ug ∈ C(F̄ )

I

The map Λ: C(δ(F )) −→ C(δ(F )), defined as

Λ(g) =
∂ug
∂nF

is the D-to-N map. Its kernel N : δ(F )× δ(F ) −→ R is the Re-
sponse kernel (matrix) of the set F̄ .

I
∫

δ(F )
gΛ(g) = E(ug, ug)
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Dirichlet-to-Neumann Map

Let F ⊂ V be a proper connected subset. For any g ∈ δ(F ), consider
the Dirichlet problem

L(u) = 0 on F , u = g on δ(F )

I

The map Λ: C(δ(F )) −→ C(δ(F )), defined as

Λ(g) =
∂ug
∂nF

is the D-to-N map. Its kernel N : δ(F )× δ(F ) −→ R is the Re-
sponse kernel (matrix) of the set F̄ .

I
If M =

[
D
(
δ(F ), δ(F )

)
−C
(
δ(F ), F

)

−C
(
F, δ(F )

)
D(F, F )− C(F, F )

]
=

[
D −C
−C> LF

]
,

N = M/LF = D− CL−1
F

C> =⇒ N is a symmetric M–matrix
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Overdetermined partial BVP

Let F ⊂ V be a proper connected set and consider δ(F ) = A ∪B ∪R
a partition of δ(F ). Unlike standard BVP on F̄ = F ∪ δ(F ) we assume
to have

on R simple information

on A double information

on B no information at all!

F

B

A

R
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Overdetermined partial BVP

Let F ⊂ V be a proper connected set and consider δ(F ) = A ∪B ∪R
a partition of δ(F ). Given f ∈ C(F ), h ∈ C(A) and g ∈ C(A ∪ R) the
overdetermined partial Dirichlet–Neumann BVP on F with data f, g and
h consists in finding u ∈ C(F̄ ) such that

L(u) = f on F,
∂u

∂nF
= h on A, u = g on A ∪R

F

B

A

R
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Overdetermined partial BVP

Let F ⊂ V be a proper connected set and consider δ(F ) = A ∪B ∪R
a partition of δ(F ). Given f ∈ C(F ), h ∈ C(A) and g ∈ C(A ∪ R) the
overdetermined partial Dirichlet–Neumann BVP on F with data f, g and
h consists in finding u ∈ C(F̄ ) such that

L(u) = f on F,
∂u

∂nF
= h on A, u = g on A ∪R

I

When |A| = |B|, then for any g ∈ C(A ∪ R) and h ∈ C(A),
the overdetermined partial Dirichlet–Neumann BVP on F with data
f = 0, g and h, has a unique solution iff N(B;A) is invertible. In
this case,

u = N(B;A)−1h− N(B;A)−1 · N(A ∪R;A)g on B
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