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Definition (Laplacian matrix)

A Laplacian matrix L is a real symmetric matrix with (L)ij ≤ 0 for all
i ̸= j and ker(L) = span(1).
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Definition (Resistance matrix)

The resistance matrix Ω of a graph has entries (Ω)uv := (L\{u})−1
vv and

zero diagonal.

(will also write ωuv := Ωuv)

Karel Devriendt (MPI MiS) VI Jornadas ALAMA 3 / 23



Definition (Resistance matrix)

The resistance matrix Ω of a graph has entries (Ω)uv := (L\{u})−1
vv and

zero diagonal.

(will also write ωuv := Ωuv)

Karel Devriendt (MPI MiS) VI Jornadas ALAMA 3 / 23



Definition (Resistance matrix)

The resistance matrix Ω of a graph has entries (Ω)uv := (L\{u})−1
vv and

zero diagonal.

(will also write ωuv := Ωuv)

Karel Devriendt (MPI MiS) VI Jornadas ALAMA 3 / 23



Motivation: electrical circuits

Karel Devriendt (MPI MiS) VI Jornadas ALAMA 4 / 23



Motivation: electrical circuits

Karel Devriendt (MPI MiS) VI Jornadas ALAMA 4 / 23



▶ Framework for studying L and Ω
▷ Schur complement
▷ Fiedler–Bapat identity

▶ Applications of the framework
▶ Two invariants: p and σ2
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Framework for L and Ω

▶ Schur complement

Definition (Schur complement)

Let M =
(

MAA MAAc

MAcA MAcAc

)
with MAcAc invertible, then the Schur

complement M/Ac is defined as

M/Ac := MAA −MAAc(MAcAc)−1MAcA.

Example:

M =
(

1 2 2
2 4 2
2 2 1

)
and A = {1, 2}

M/{3} =

(
1 2
2 4

)
−
(
2
2

)
1−1

(
2 2

)
=

(
−3 −2
−2 0

)
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▶ Fiedler–Bapat identity

Theorem (Fiedler–Bapat identity)

The Laplacian and resistance matrix of a graph satisfy(
0 1T

1 Ω

)−1

= −1

2

(
4σ2 −2pT

−2p L

)
,

where p = Ω−11
1TΩ−11

and σ2 = 1
2

1
1TΩ−11

.

Example:

4


0 1 1 1 1 1
1 0 2 5 5 6
1 2 0 3 3 4
1 5 3 0 4 3
1 5 3 4 0 3
1 6 4 3 3 0


−1

= −1

2


1.75 −1 .5 −.5 −.5 −.5
−1 2 −2 0 0 0
.5 −2 4 −1 −1 0
−.5 0 −1 2 0 −1
−.5 0 −1 0 2 −1
−.5 0 0 −1 −1 2


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▶ Combining the ingredients

Property

(M−1)AA = (M/Ac)−1

inverse ◦ Schur = submatrix ◦ inverse
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3 + 2 applications of the framework

▶ Application 1: inverse resistance matrix

−1

2

(
0 1T

1 Ω

)
=

(
4σ2 −2pT

−2p L

)−1

Theorem (Bapat 2004)

The Laplacian and resistance matrix of a graph satisfy

Ω−1 = −1

2
L+

ppT

2σ2
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▶ Application 2: Kron reduction

−1

2

0 1T 1T

1 ΩAA ΩAAc

1 ΩAcA ΩAcAc

 =

 4σ2 −2pTA −2pTAc

−2pA LAA LAAc

−2pAc LAcA LAcAc

−1

Proposition (Folklore)

All Schur complements of a Laplacian matrix exist and are Laplacian.
Similarly, all submatrices of a resistance matrix are again resistance
matrices. Furthermore ΩAA is the resistance matrix of L/Ac.

Proof idea: show that Lacac − LacaL
−1
aa Laac is Laplacian (Ac = {a}).

The rest follows from Fiedler–Bapat + Schur complement
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Definition (Kron reduction)

Let G = (V,E, c) and A ⊆ V nonempty. The Kron reduction G/Ac is the
unique graph on A with Laplacian matrix L/Ac. Equivalently, G′ = G/Ac

is the unique graph on A such that ω′(u, v) = ω(u, v) for all u, v ∈ A.

Note: The Kron reduction G/{u, v}c is an edge (u, v) with weight ω−1
uv .
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▶ Application 3: Laplacian submatrix

−1

2

 4σ2 −2pTa −2pTac
−2pa Laa Laac

−2pac Laca L\{a}

 =

0 1 1T

1 0 Ωaac

1 Ωaca Ωacac

−1

Proposition (Fiedler ’97)

The inverse of a Laplacian submatrix has entries

(L\{a})−1
uv = 1

2(ωua + ωav − ωuv)

RHS is also called triangle excess or Gromov product
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Metric theory of ω

ωua + ωav ≥ ωuv with equality iff a is a cut vertex between u, v (⋆)

Corollary

The inverse Laplacian submatrix (L\{a})−1 is block-diagonal with positive
blocks corresponding to the connected components of G\{a}.

Note: Can prove this corollary with matrix theory (L\{a} is symmetric
non-singular M -matrix), and then prove (⋆).
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Application 3+1: vertex-merged graphs

delete = delete ◦ merge

L\A = L′\{a}
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−1

2

 4σ2 −2pTA −2pTAc

−2pA LAA LAAc

−2pAc LAcA LAcAc

 =

0 1T 1T

1 ΩAA ΩAAc

1 ΩAcA ΩAcAc

−1

Proposition (D. 2022)

Let G be a graph, G′ the A → a merged graph and G′′ = G/Ac the Kron
reduction. Then the effective resistances in G′ are equal to

ω′
uv = ωuv −

1

4

∑
i∼′′j

c′′ij(ωiu + ωjv − ωiv − ωju)
2

ω′
av = −σ′′2 +

∑
u∈A

ωaup
′′
a −

1

4

∑
u∼′′w

c′′uw(ωau − ωuw)
2
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▶ Application 3+2: Characterization of resistance matrices

Theorem (D. 2022)

A real symmetric invertible matrix Ω is a resistance matrix if and only if

(1TΩ−11)(Ω−1)ij ≥ (Ω−11)i(Ω
−11)j for all i ̸= j

Proof idea: Following Bapat’s theorem, define

L̃ = Ω−1 − Ω−11.1TΩ−1

1TΩ−11

and show that this is Laplacian iff the conditions hold

Definition

A resistance matrix Ω is a real symmetric invertible matrix such that

(1TΩ−11)(Ω−1)ij ≥ (Ω−11)i(Ω
−11)j for all i ̸= j
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▶ Another characterization:

relative resistance re := cuvωuv for e = (u, v) ∈ E(G)

Theorem

Let G = (V,E) be a biconnected graph. Then (re)e∈E are the relative
resistances in G with respect to some weighting c > 0 if and only if

re > 0 for all e,∑
e∈E re = n− 1 (Foster’s Theorem),∑
e∈A re < n−#components of G[A] for all A ⊂ E.

Furthermore, the weights are unique up to common scaling.

Conditions (1)–(3) determine the spanning tree polytope

P (G) := conv (eT : T ⊆ E is a spanning tree of G) ⊂ R|E|

All possible relative resistances of G form the interior of P (G)
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▷ Bapat’s identity for Ω−1

▷ Kron reduction, G/Ac ↔ L/Ac ↔ ΩAA

▷ Laplacian submatrix inverse
▷ ω′ in vertex-merged graphs
▷ Characterization of resistance matrices
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Invariants p and σ2

Fiedler–Bapat identity introduces two invariants:

σ2 :=
1

2

(
1TΩ−11

)−1
and p =

Ω−11

1TΩ−11
⇒ Ωp = 2σ21

Equivalently

σ2 =
1

4

∑
u∼v

cuv(ωux − ωvx)
2 and pv = 1− 1

2

∑
u∼v

cuvωuv
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▶ Some results on σ2

σ2(A) := take Kron reduction G/Ac and calculate σ2

Proposition (D. 2022)

if A ⊆ B then σ2(A) ≤ σ2(B)

if A ∩B is a cut set, then σ2(A ∪B) = σ2(A) + σ2(B)− σ2(A ∩B)
⇒ σ2(V ) of a tree is 1

4(n− 1)

if p ≥ 0 then σ2(A ∪B) ≤ σ2(A) + σ2(B)− σ2(A ∩B) for all
A ∩B ̸= ∅ (=: submodular⋆)

if σ2 is submodular⋆, then p ≥ −1
2

Open problem: Do we have “submodular⋆ ⇒ p ≥ 0”
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4(n− 1)

if p ≥ 0 then σ2(A ∪B) ≤ σ2(A) + σ2(B)− σ2(A ∩B) for all
A ∩B ̸= ∅ (=: submodular⋆)

if σ2 is submodular⋆, then p ≥ −1
2

Open problem: Do we have “submodular⋆ ⇒ p ≥ 0”
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▶ Some results on p

Proposition (D. 2022)

Let G be connected with p > 0. Then

p′ > 0 in every Kron reduction G′,

removing any k vertices results in at most k disconnected
components (=: 1–tough),

G or G\{v} for any v has a perfect matching.

Open problem: Study the class of unweighted graphs which admit a
weighting c such that p ≥ 0.

Conjecture [Fiedler 2011]: These are precisely 1–tough graphs
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Research question: L is a singular, symmetric M -matrix. Which parts of
the theory can we generalize?

1 Do we get a Fiedler–Bapat identity?

2 What do Schur complements and submatrices mean?

3 Do we get p and σ2?

Thank you! Questions?

karel.devriendt@mis.mpg.de

▷ Devriendt “Effective resistance is more than distance: Laplacians, Simplices and the
Schur complement”, 2022, LAA
▷ Devriendt, Lambiotte “Discrete curvature on graphs from the effective resistance”,
2022, Journal of Physics: Complexity

▶ Devriendt “Graph Geometry from effective resistances”, 2022, PhD thesis -

available online
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Appendix 1: Exercises

Exercise 1: Calculate Ω for small example by PC (hint: see next slide)

Exercise 2: What is the Kron reduction G/Ac if A = {u, v}? (hint: what
happens to Ω?)

Exercise 3: Give a matrix-theoretic proof of this corollary and use it to
prove statement (⋆), ie triangle inequality for ω
(hint: L\{a} is symmetric non-singular M -matrix)

Exercise 4: Calculate ω′ when merging two vertices {a, b} → c.
(hint: G′′ is a single edge with σ′′2 = ωab/4 and p = 1/2)

Exercise 5: Prove equivalence between different expressions of p and σ2

(hint: QΩ = −2I + 2p1T ) and calculate p and σ2 for the complete graph
K4 =

E-mail me for solutions: karel.devriendt@mis.mpg.de
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Appendix 2: Computing Ω in practice

In practice, we compute Ω via the Moore-Penrose pseudoinverse Laplacian
(see eg Wikipedia). The pseudoinverse Laplacian is denoted by L†.

The effective resistance is then computed by:

ωuv = (L†)uu + (L†)vv − 2(L†)uv

The resistance matrix is computed by:

Ω = 1.ζT + ζ.1T − 2L†, where ζ = diag(L†)

Karel Devriendt (MPI MiS) VI Jornadas ALAMA 25 / 23



Most linear algebra software has a function pinv for pseudoinverse.
Matlab code for small example:
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