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INTRODUCTION

Goal : to determine the electrical conductivity of a

medium from voltage and current measurement on the

Boundary .

Applications : oil prospection ,
non- destructivo testing (ERT )

Medical imaging LEIT )

Formulation : RCR
"

bdd
, regular enough .

✗ EMIR) : ✗ (x) ≥ c > O

Conductivity eqi
Dirichlet - to - Neumann map :

- D. (Oro) - O iur } ,,, no :

g
'→ raros LILÍ

Current flux
v =

g
on OR through or

Nell - possed > Nell - defined & bdd
.

go.tk/or)=J-l.v-cH' (r) Hk (Or) → H-4101)

* < Arg , h > = {8 Pv . Dendx the Hiriart

Calderón problem : No 8

Main questions :

• Uniqueness : no
,

= No
,

⇒ 8. = Ja ?

• Reconstruction : 7 convergen
-1 algorithm Arms 8 ?

• stability : Ar
, ,
no
,

clase ⇒ Ti
,
Ja clase ?



http://users.jyu.fi/~salomi/lecturenotes/calderon_lectures.pdf

http://www.numdam.org/item/10.5802/slsedp.40.pdf

Sorne features :

• Non - linear
.

• Ill - posed : No stability ; only if tick and even so
,
no

Lip . dependiente .

• n -- 1 undetermined ; n
--2 determined ;

ns.3-overdeterminedt-urtherquestions
:

• Finite / discreta measurement
.

• Partia data
.

• stabilization effects .

⊕ Anisotropía conductivities
.
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THE CALDERÓN PROBLEM FOR THE SCHRÜDINGER EQ .

Formulation : qe V11)

C- a + g)u -

- O in R

U = f on an
} (2) % " f- '→ Qu /

orwell
- posedness needs to be assume LO notan eigenvalue ) .

Inverse problem : Nq → q

Reduction of the EIT problem if JE (5)

(1) and (2) are equivalente with g- = c-Mrl
,
f--8kg ,

u -_ 84o
.

Nell . posedness for (2) is ensured in this case
.

Aqf = 84hr18
_" f) + { 8" (QJ) for

A > Aq >
q

> 8
↑ ↑

Boundary C- ☐ + g)84=0 inr
reconstruction

[Kohn, Vogelius 1984] Boundary reconstr . → 84/or
}

Main ideas :

• Alessandrini 's identity :

(- oi-q.lu, -- O in r

}< (Aq , - Aq , / f, , fa > =/ lq ,
-

9-a) Unuzdx ,
r ni = fi on or

Unimqunnnsns ( Sylvester, Uhlmann 1987 )

Aq , = Aq, ⇒ flq ,

- 9-a) v.Uzdx = O ⇒
q.iq ,

r ^

¥

U
, llave

"}" t} c- IR
"

• Complex geometría optic Solutions ( CEOs)

u = ¿ 3. ✗ (1+5) with See
"

: 5.5=0 &
"

r
,
→ O

"

as 151 → N .

⇒ J
, > { C- E

"
: 5

,
-3
,

= 52-32=0 , 15,1
,
15,1 → N , { + { = § ⇒ n ≥ 3

Then u.ua : eis
"

( 1 + rg
,

+ rgi-rg.rs
,

) → ¿ £ "



CGO Solutions

Thm
.

(Sylvester . Uhlmann 1987 ) : 3- Co = Colar) sit . for any
SEE : 5-3=0

,
151 ≥ max ( Collqlluyr, , 1) JUEHYRI s

-
t

.

◦ ulxl = eis" (1+51×1)
◦ C- o + g) a- O in r

◦ Hrs " Hmm, ≤ cco / 51
" "

llql/voy M = 0,1 , 2 .

Idea of the proof :

e- ist - + g) (eis
" (1+51)=(-0-25.7+9) (1+5)=0um

⇒ ( o - 2.5.7 + g) rs = -

q
Hr) R

u n

Step 1 : Constant coefficients : (- O - 2. 3.D) r = F in that
"

mmm

Fourier with a Shift eik" no eilk + Íeal " ( kazon )
5 :-((l, tila)

IKP + 23 - K lki-EGPI-2-lk-ilki.tt) -1-0

tlrllfiyr, ≤ Colt /
""

HF Huir, 151 > C ( constrain in H
'

,
H2 norms )

ELLE :(- O - 2iJ.tl + qlr = F ^

( - O - ZiS . 7) r = F- qr
= É ⇒ r = GGÉ

É = ( d- + g- G-g)
"

F
-

invertible if "qG-gllu.ir < 1

" 9- Ha COIJI
- '

≤ 12



A few (more) ideas about the main results In ≥ 3)
=

qje MIR)
: O not an eigenvalue of - Otq; in R

.

Uniqueness ( Sylvester , Uhlmann 1987 )

Aq , = Aq, ⇒ 9-1=9-2

Given SER? let 9,02£ R
"

: 9.02=0 .

. } = Q . } = O

10,12 = 10,12+1512

3
,
= { ( { + O

,
+ i 9)

& : Él } - Q. - ¡g) } 4ᵗʰ
→ eis" as 10

,
/ → a

Stability (Alessandrini 1988 )

Hq, Hoon,
≤ M ⇒ llq , -9211µm, ≤ C / log llnq , - Aq. "*

flq ,

- qatei" } dx = <(Aq . - Aq, / f. f-a) + flq-qdeixislrs.trqtrs.rs , / dx
IR
" IR

"

tqtq , (5) 1 ≤ " nq . - nq.H.LY/+iuNIItiirs+MllEEE )
≤CB.ie

""
≤ c / Sale
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)
B
; /
:-c
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- Aq , /lee
"

+ T
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Optimization c- e
"

ez
"

* Optima ( Mandache 2001 )

Reconstruction (Nachman 1988 ) R smooth

< (Aq - A) tus, /a) , é
? - ✗

tan > = fqus , ¿
si "

¥. fqeis
"

-

eis. - ✗ ( ltrs
,

) /
or

T

(- O - ZiS .D) r = -qlltr ) ⇒ C- a) eis.ir = - qu,
-

e.
ii.✗ fué" ⇒ eis. ✗ r = - fkglxiy) qus - < (Aq-A)Uslar

,
kstai

↑^
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.



Sonne further results .

Uniqueness for Lip .
conductivities [Caro

, Rogers 2016]

qas a distribution , suitable a priori estimates

Lip . stability for piecewise Constant conductivities

[ Alessandrini
,
Vessella 2005 ]

Finita member of measurement for q (8)
ir a finita

dimensional subspace .

(Lip . conductiuity )
[ Alberti , Santamaria 2018 ]

Born approximation ( linear con Aq )

¡ ☐ (5) = lim < Hq - No) ei
? - ✗ tácita" /a>

10 , /→ N

Explicit formula in Terms of Aq - matrix for r -- 133

[Barceló
,
Castro

.
Maciá

.
Meróno 2022]



THE CALDERÓN PROBLEM FOR NONLOCAL SCHRÜDINGER EQS
.

Fraccional Laplacian
C- A)su = 5-

" ( I. I
"
Fu)

(-OYUKI = pv . / (Ulxtyl - ulxl ) lyl
_""

dy
IR
"

Random walk with possibly long jumps , Levy process

( C- d)ˢ + g) u = 0 in R } ,» Aq : f → 1-A)sure
n = fin de

Uhiqueness from partial data : [Ghosh , Salo , Uhlmann 2020]

tlqflw
,

= tlqflw
,

V-f.cc:(W, ) ⇒
q , : 9. a ①

w.

WZ

• < (Aq .

- Aqatf , , f, > = flq ,

-

9-a) Uiuz .

r

• Runge approximation : hula : (3) with f.cc?lw ) } dense in IN
.

◦ Antilocality : U :O = C-A)su in R ⇒ U:O
.
IALI

Uniqueness from One measurement [G. Rüland, S, U 2020] qieclñ)

Aqflw
,

= Aq , ftw
,

for some fec:(W ,
/140 } ⇒ q ,

= q,
AL

U
,
- U
,
= (- APIU

,
- U
,
) = 0 in Wz ⇒ U

,

- Uz = 0 in R

q ,
1-APU,

=

(- 0PM *

* Fine if ni -1-0 in UCR .

U
,

U,

= 9-2
True dueto antilocality .

Reconstruction

u -

_

Y Ut vi. = argmin { Ill
- A)sw-Aqfltf.su , + tllwlltisuru, }WEFISIR)

(Tikhonov regularization )


